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Abstract 

We determine the Z-module structure and explicit bases for the preprojective algebra II and 
all of its Hochschild (co)homology, for any non-Dynkin quiver. This answers (and generalizes) 
a conjecture of Hesselholt and Rains, producing new p-torsion elements in degrees 2p e ,£ > 1. 
We relate these elements by p-th power maps and interpret them in terms of the kernel of Ver- 
schiebung maps from noncommutative Witt theory. We also define a Lie bialgebra structure on 
HHq(I\) (from the necklace Lie bialgebra), relate it to Goldman/Turaev's Lie bialgebra of loops, 
compute it for extended Dynkin quivers, and compute the Poisson center of Sym HHq(T1) for 
all quivers. We then compute the BV algebra structure on Hochschild cohomology, show that 
the Lie algebra structure HH (Hq) naturally arises from it, and compute all cyclic homology 
groups of Hq. In the process, we define and study related algebraic structures: a "noncommu- 
tative BV structure" generalizing the necklace Lie bialgebra, and "free-product" deformations 
of Hq, which yield all ordinary deformations as quotients. 
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1 Introduction and Main Results 

There are two main purposes of this paper: first, to establish a new phenomenon wherein Hilbert 
series of certain graded algebras defined over Z jumps in characteristic p by 1 in degrees m ■ 

for fixed m, proving and generalizing Hesselholt and Rains' conjecture; second, to provide a 
comprehensive study of the Hochschild (co)homology of the non-Dynkin preprojective algebra and 
its algebraic structures over the integers (extending and explaining characteristic zero results from 
[CBEG07, EG06J). This includes an interesting BV algebraic structure defined over Z, and new 
noncommutative structures. 

We remark that the Hilbert series and algebraic structures attached to the Hochschild (co)homology 
in the Dynkin case have been studied in [EE07, Eu07j ( over fields of characteristic zero) , and is still 
in progress. We will explore the relations between the Dynkin and extended Dynkin cases in [ESJ. 

1.1 Z-module structure of preprojective algebras Given any g > 1 (thought of as a genus) 
and any field k, one may consider the free algebra P := \s.{xi . . . x g , y\ . . . y g ) and its quotient 
n := Pj ((r)) where r = ^J x «> Vi\- The algebra n is a special type of so-called preprojective algebra, 
and r is the "Lie algebra" version of the relation for the fundamental group of a closed genus-g 
curve. One may then consider the zeroth Hochschild homology of n, A := HHq(H) = n/Tl, n], 
which is an analogue of removing base-point (passing to free homotopy classes) . 

Over characteristic zero, the Hilbert series of HHq(TI) = 11/ [II, n] was computed in [EG06] 
using matrix integrals. In characteristic p, with g > 2, however, it turns out that the Hilbert series 
increases slightly. Equivalently, considered over k = Z, HHq(U) has Z/p-torsion. Motivated by non- 
commutative Witt theory, Hesselholt proposed in [Hcs05j (cf. [Hes97]) certain elements of HHq(I1) 
that, if nonzero, are p-torsion and describe the kernel of his noncommutative "Verschiebung" maps 
Wj?(^4) —f W£ + i(A) from p-typical noncommutative Witt vectors of length I to those of length £ + 1 
(over any ring A), for any ring A. In particular, they show that the Verschiebung is not injective 
in many cases (which otherwise is difficult to show). 
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These elements of HHq(I[) are as follows: in the space L := P/[P, P] over Z, [r p ] is a multiple 

/ £ £ \ £ 

of p (since p \ y{xiyi) p + {—yiXi) p J). One may then consider the image of [r p ]/p in HHo(Tl), 
which must be p-torsion if nonzero. Call this element G HH (\T). The precise connection 
between these elements and the Verschiebung and Frobenius maps of noncommutative Witt theory 
is outlined in Section 12.11 

Based on Hesselholt's ideas and computer calculations of Rains (testing Hilbert series of HHo(U) 
over positive characteristic), we have the 

Conjecture 1.1.1. (Hesselholt and Rains) If g > 2, the elements r^ pl ^ are nonzero and span the 
p-th power torsion of HH (U), for II = Z(x 1} .. . ,x g ,y x , . . . , y g )/((r)), r = ^-Lifo, 

In particular, this claims that there is no Z/p 2 torsion. 

We answer positively and generalize this conjecture to the quiver case: free algebras over 
for any set of vertices /. In this case, P and II are replaced by the path algebra and preprojective 
algebra of the quiver. The Rains-Hesselholt case is for a quiver with a single vertex and g > 2 loops. 
The correct generalization of g > 2 for quivers with multiple vertices is then that the quiver be non- 
Dynkin, non-extended Dynkin; in [EG06], the Hilbert series in characteristic zero was calculated 
in this generality, using that the non-Dynkin, non-extended Dynkin condition says precisely that 
II is a "representation complete intersection" (RCI), [E G06| . 

In more detail, for any quiver Q, we let P be the path algebra of the double quiver Q (obtained 
by adding a reverse edge e* for every e G Q), and let II be the preprojective algebra II = P/((r)), 
where now r = ^2 ee q ee* — e*e. (The preprojective algebra II was originally defined by Gelfand and 
Ponomarev [GP79] in the study of quiver representations.) Then the Hesselholt-Rains conjecture 
generalizes to: 

Theorem 1.1.2. If Q is non-Dynkin and non-extended Dynkin, the elements ) are nonzero and 
span the p-torsion of HH$(JXq). There is no p 2 -torsion. 

We also present a much more general question (Question I4.1.9p . based on conversations with 
P. Etingof, that asks whether, for finitely-presented graded algebras over Z (or Z 1 ), for primes m 
which they are asymptotic RCI, the new torsion is spanned by elements of the above form, for 
relations r which lie in the linear span of commutators modulo p. 

The main strategy for the proof of the theorem is to fix an extended Dynkin subquiver Qq C Q, 
and use and develop facts about extended Dynkin quivers, and the relationship between IIq and 
IIq . The proof is divided into three somewhat overlapping cases: 

1. The case of primes p which are good for the extended Dynkin quiver Qq (i.e., not a factor 
of the size of the corresponding finite group T under the McKay correspondence) using the 
well-known Morita equivalence I1q ~ k[x, y\ x T; 

2. The case when Qq is of type A or D, which uses explicit integral bases for IIq , IIq and their 
zeroth Hochschild homology that we work out in these cases (using the Diamond Lemma over 
a PID); 

3. The remaining cases of E n and p < 5, which use the necklace Lie algebra [GinOl] IBLB02] 
and a computation of zeroth Poisson homology in these cases, and p-th power maps. (We 
compute the zeroth Poisson homology for good primes in Section 110.41 ) 
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In the process, we obtain integral, rational, and characteristic-p bases for IIq and HHq(Hq). 
This relies on the decomposition I1q = TLq *k Hq\q j , where Iq is the vertex set of the extended 
Dynkin subquiver Qq, and ^q\q j was defined for a similar purpose in [EE05]. For HHq(IIq), we 
can then (essentially) write elements as cyclic words in HHq(Uq ) and HHq(Uq\q j ). 

The bases should be interesting in their own right. As one simple application of the bases for 
Uq, we may deduce that Hq is torsion- free (which was proved in [EE05J for non-Dynkin quivers 
using Gelfand-Kirillov dimension). 

In the Dynkin and extended Dynkin cases, we also compute explicit bases for Uq, HHq(IIq) and 
the torsion of HHq(T1q), where it turns out that there is finite torsion, and the nonzero elements 
r (p e ) only occur in "stably bad primes": none for A n ; p = 2 for D n , p € {2,3} for Eq,Et, and 
p € {2, 3, 5} for E$. The precise result is Theorem 14.2.601 (which refines a result of [MOV06], which 
established the cases in which HHq(TIq ® ¥ p ) vanishes). Note that there is good reason why the 
torsion must be as described: it is possible to deduce this result from the proof of Theorem 11.1.21 
as no other Hilbert series of HHq(IIq) ® ¥ p would be compatible with the refinement (Theorem 
I4.2.30P of the main theorem. In view of this and also the nice properties and structure that the 
Hochschild (co)homology of I1q has in the extended Dynkin case, even in bad primes, one can say 
that IIq behaves well in all primes, and thus is a good Z-replacement of k[x, y] x T. 

We then make sense of and prove the following formula (for any quiver): 

( r (^))^ =r (/ +m ) ; (1.1.3) 

which we explain and interpret in terms of noncommutative Witt theory in Section 12.11 The fact 
that the elements A p > are nonzero is generalized in Theorem I9.2.2i (ii) to the statement that the 
p-th power maps are injective on all of HHq(Hq) ® F p . 

1.2 The BV algebra on Hochschild cohomology Using the above results, we compute the 
Z-module structure of all of the Hochschild homology and cohomology groups for IIq when Q is 
non-Dynkin (including extended Dynkin), and describe the cyclic homology groups. This extends 
results of [EG06] to the integral setting. To accomplish this, we need to use the necklace Lie algebra 
structure on Aq, which was defined in |BLB02]lGin01] on the level of HHq(Pq). This was extended 
to a Lie bialgebra in [Sch05] , and here we show that the Lie bialgebra descends to Aq = H Hq (IIq ) 

(Proposition EXT]) 

We then describe the higher Hochschild (co)homology (Corollary 110. 1.2"]) . which was done in the 
non-Dynkin, non-extended Dynkin case over fields of characteristic zero in [CBEG07J (along with 
the interpretations and algebraic structures we will discuss, specialized to that case): 

HH^ILq ®k) = HH°(Il Q ®k) (HH (U Q ) free (-2) ® k) (HH (U Q ) tor (-2) ® Hom z (F p ,k)), 

p prime 

(1.2.1) 

M 2 (nQ®k)^k®M (n Q )(-2), (1.2.2) 
HH m (U Q ® k) = HH m (n Q ® k) = 0, if m > 3, (1.2.3) 

where, by Theorem llO.l.H the center HH°(Uq ® k) is either k (if Q is non-Dynkin, non-extended 
Dynkin), or isomorphic to H Hq(Uq) f ree ® k (when Q is Dynkin. 

The Lie algebra direction was proved differently in [CBEG07] . 
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The summands of HH 1 (J1q ® k), as derivations, are given (Section 110. 2p by multiples of the 
(half-)Euler vector field by HH°(Uq ®k), a lifted adjoint action of the necklace Lie bracket on 
HHq(IIq (g>k), and derivations that only make sense modulo p (in the extended Dynkin case, these 
are fractional- -ff-ff (Hq <8> k)-multiples of the half-Euler vector field). 

Then, HH 2 (Uq (g) k) = HHq(ILq ® k)(— 2) has a simple interpretation in terms of deformed 
preprojective algebras (Proposition I10.2TT1) . 

We describe the Gerstenhaber algebra structure of the above, where the necklace Lie algebra 
appears in the cup product HH 1 (gi HH 1 — > HH 2 , and in the Gerstenhaber bracket restricted 
to HH 1 . In fact, the above structure is part of a Batalin-Vilkovisky (BV) algebra structure, 
which we describe in Theorem 110.3.11 This follows since, as is well-known, Hq is a Calabi-Yau 
algebra (cf. [Gin06t IBoc06| ) , and by [CBEG071 IGin06| , in such a case the Connes differential on 
Hochschild homology induces a BV differential on Hochschild cohomology using the [VdB04j duality 
HH' = HH n ^,, where n is the Calabi-Yau dimension. 

In more detail, a BV algebra, also known as an algebra over the framed little discs op- 
erad (whereas Gerstenhaber algebras are the unframed case), is a graded-commutative algebra A 
equipped with a differential D of degree —1 which does not necessarily give a dg-algebra structure, 
but instead satisfies 

D(aUb) - (DaUb) - (-l) |a||D| (a U L>&) = (-l) |a|+1 {a, b}, (1.2.4) 

where {, } is a Gerstenhaber bracket (a graded Lie bracket on the shifted A[— 1] which satisfies the 
usual Leibniz identity: or, an odd Poisson bracket of degree —1). 

In our case, the differential D sends HH 2 (Uq <g> k) = HHq(Uq ® k) to a lift of the adjoint 
derivation for the necklace Lie algebra, and sends the Euler derivation Eu £ HH 1 (IIq <g> k) to 2 
(and a multiple z U Eu to (Eu + 2)(z)). 

Using our explicit computation of the differential D, we give an explicit description of the 
cyclic homology of ILq (Theorem 110.4.81) . which gives that of TIq <g> k for any k using the universal 
coefficient theorem for homology. Briefly, for non-Dynkin, non-extended Dynkin quivers, we have 

HC 2m+ 2 = HH (U Q ) tor = (r&\ wime> i>i,m > 0, (1.2.5) 
HC 2m +3 = 0(Z/(m/d))®*S (1-2-6) 

m>0 d\m 

HCi^HC 3 e(Eu), HCq^HHo, (1.2.7) 

for some constants qd given in terms of the Hilbert series of HHq by Mbbius inversion (representing 
the dimension of "primitive parts" of HHq(Uq) with respect to power operations). 

For extended Dynkin quivers, HC\ picks up additionally all multiples of the Euler vector field, 
and the even degrees HC2m+2 pick up additionally torsion dividing the degree, similarly to the 
torsion of HC\. Note that, using the Morita equivalence IIq (g>k ~ k[x, y] r for suitable k and finite 
groups r C SL 2 (k), the torsion is related to the de Rham cohomology of k[x, y] and k[x, y] r , since 
cyclic homology stabilizes to odd and even de Rham cohomology for smooth algebras. 

1.3 New algebraic structures and the McKay correspondence We discuss new non- 
commutative structures on IlQ,Pg and its homologies, which have served as motivating exam- 
ples for [GSbl IGSa| . First, in turns out that the Lie cobracket on HHq(Pq) lifts to a map 
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5i : Pq — > HHq(Pq) ® Pq- satisfying a curious noncommutative BV identity: 

fc(a&) = S £ (a)(l ® &) + (1 ® a)^(6) + (pr®l)|a, 6}}, (1.3.1) 

where -{[ , ]}• : Pq ® Pq — ► Pq ® Pq is the Van den Bergh double Poisson bracket [VdB04] . The 
origin of this identity and more general theory is explained in |GSbj . Here, we use (|1 .3. 1 j) to prove 
that Aq is a Lie bialgebra (Proposition I5.1.7|) , and that the cobracket is trivial on Aq ® Q when Q 
is extended Dynkin (Theorem 19. l.lj) . 

Second, we explain that Pq is a "free product" deformation of LTq in the non-Dynkin case; and 
furthermore, in the extended Dynkin case, this "quantized" the double bracket. Specifically, for any 
non-Dynkin quiver Q, we show that the fact that LTq is a "noncommutative complete intersection" 
(NCCI) amounts to the fact that the path algebra Pq, as a graded Z- module, is just a free product 
of LTq with the single parameter r (just the relation). (This fact is central to this paper since, for 
any Q 2 Qi we m &y make a similar statement decomposing LTq as a free product of LTq and a 
"partial preprojective algebra" |EE05] ILq^q j.) 

To explain, recall [CBEG07] that the deformed preprojective algebras IIq have the form 

P Q W((r-t-f)), (1.3.2) 

for some / £ IIq (which really only depend on [/] € HHq{Hq) = HH 2 (J1q) up to equivalence). 
The case |/| = 0, where / is just a linear combination of vertices, has been extensively studied in 
the literature for many years. We may replace Pq[£] in (11.3.2j) by Pq * Z[i], thus yielding a "free 
product" deformation whose quotient is a usual modified preprojective algebra. The flatness is 
then just the aforementioned fact that IIq is an NCCI. Note that, by Proposition I10.2TT| all usual 
deformations arise from a free product deformation by the above construction, followed by setting 
t to be central. For more details, see |GSa| . 

Here, we prove (and exploit) the suggestive identity, for Zi,z 2 € HH°(Hq ® k) with Q extended 
Dynkin, and Zi, z 2 G Pq ® k arbitrary lifts: 

[ Zl ,z 2 ] = { Zl ,z 2 } ■ r (mod ((r)) 2 + [((r)), Pq]), (1.3.3) 

which says that the free product (and hence also usual) deformations of Hq are generated, in some 
sense, by its Poisson bracket (given by the necklace bracket on HHq(Uq) and the BV structure 
explained in the previous subsection). This is important for this paper since this includes the case 
for quivers Q 2 Q- 

In terms of the McKay correspondence, we prove (Theorem 19. 1 . 1 f) that the Poisson algebra 
HH°(Uq ® C) is isomorphic to C[x,y] r where F C SX2(C) is the associated finite group. This is 
already well-known on the level of associative algebras. The proof works for not just C but any 
commutative ring k containing ^ and |T|-th roots of unity. 

Then, the previous example just becomes the following: C[x, y]xT may be deformed by C(x, y) x 
T, or more generally by C(x, y, t) / (((xy-yx)-t-f), which "quantizes" the Poisson bracket on C[x, y] r 
when one restricts the commutator to the preimage of the C[x, y] r under C(x, y) x V -» C[x, y) x T. 

1.4 Other results Other important results we did not already mention include: 

• We compute the Poisson center of the algebras Sym HHq(Uq) for any quiver Q, over any 
base ring (Theorem I9.2.2p . which generalizes Theorem 8.6.1 from [CBEG07J to the extended 
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Dynkin case and to arbitrary characteristic. Over Z, this center is generated by HHq(Uq)[0] 
and by torsion (r& ) in the non-Dynkin, non-extended Dynkin case), as well as products of p- 
torsion and p-th powers. Over ¥ p , it is generated by p-th powers, p-torsion, and HHo(Hq)[0]. 
The p-th powers must include p-th power operations both on the symmetric algebra and in 
HHq(ILq) ¥ p itself (the latter are "noncommutative" p-th power operations that we have 
already mentioned). Along the way, we also prove that the p-th power maps are injective 
(except on torsion in the extended Dynkin or Dynkin cases). These results are employed in 
the computation of Hochschild cohomology and cyclic homology of ILq. We generalize these 
results to the partial preprojective case, where one must also include powers of r in the center. 

• We give explicit formulas for the Poisson algebra HH°(Hq) = ioILQio when Q is extended 
Dynkin, and i$ is an extending vertex of Q (Propositions HP~2"] 17.4. 1] and !8.4.1]) and describe 
the zeroth Poisson homology for bad primes for E n (Proposition 18.478]) . and for good primes 
in the general case in Section 110.41 

1.5 Outline of paper First, in Section [21 we explain the connections to noncommutative 
Witt theory and briefly discuss the close relationship between the necklace Lie algebra and Gold- 
man/Turaev's algebra of loops. 

Then, in Section [3l we prove Rains and Hesselholt's conjecture, and its generalization (the main 
Theorem I1.1.2P for good primes. 

Next, in Section [H we explain in detail the (suggestive) Hilbert series formulas resulting from 
Theorem ll.1.21 and describe bases in detail. In the process, we give a simple proof that the elements 
r^P ) are all nonzero (Proposition 14.2.37]) , which is all that was needed for the noncommutative Witt 
theory. We also generalize Theorem II .1.2l by describing bases in the A n ,D n cases, and over ¥ p using 
prime powers, which complete steps (2) and (3) of the proof. The proof of these more general results 
are completed in the next four sections. 

In Section \5\ we define and generalize the Lie bialgebra Aq, obtained as a quotient of the 
necklace Lie algebra. We explain that it is actually a Poisson algebra in the extended Dynkin case, 
modulo torsion (by identifying Aq with the center of IIq, which is a commutative algebra). We 
explain how Pq is a "free product" deformation of IIq , and prove that in the extended Dynkin case 
it quantizes the Poisson bracket (|1.3.3|) . 

In Sections [U UJ El we prove Theorems 14.2.401 14.2.481 and 14.2.301 using explicit computations in 
the for the A n ,D n , and E n cases. This completes the proof of the main Theorem 11.1.21 

In Section [9] we prove Theorem 19.1.11 for an extended Dynkin quiver Q, one has Aq C = 
C[x,y] r with cobracket equal to zero. We then prove Theorem 19.2.21 on the Poisson center of 
Sym Aq ; j (for any quiver Q and set of vertices J) and the injectivity of the p-th power maps. 

Finally, in Section [10] we compute the higher Hochschild (co)homology of IIq k for non- 
Dynkin quivers Q and any commutative ring k, their interpretation in terms of outer derivations 
and deformations, the BV algebra structure, and the cyclic homology groups HC,{JXq). 

In the appendix, we give a version of the Diamond Lemma for PIDs (which we use to compute 
bases), and define bi, co, and Poisson versions of Loday algebras. 

1.6 Notation and Definitions Throughout, we will define the operator r to permute compo- 
nents of tensor products. Namely, if a € S„, then r a : V\ V2 • • • V n — ► V^-im V a -iM) ® 
• • • V a - i( n ) is the result of applying the permutation a. 
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We will take a quiver Q to mean a finite, directed, connected graph, allowing arbitrary mul- 
tiplicity of edges. Connected here means topologically connected (i.e. this does not depend on 
the direction of edges). The set of edges will be denoted by the same letter, Q, as is standard 
in the literature. Another letter, usually /, will denote the set of vertices. The double Q of Q 
adds a reverse edge for every edge, so that = 2#(Q). The path algebra hQ for a quiver 

over k (commutative ring or field; usually Z or Q) is the k-module spanned by paths in the quiver 
(including zero-length paths, namely single vertices), whose multiplication is concatenation. The 
product P1P2 of two paths is zero if p\ does not terminate at the same vertex at which P2 begins. 

For an edge e G Q, the reverse edge is denoted e*, and we also use the notation (e*)* := e. If 
an edge e goes from vertex i G I to j G I, we say e : i — ► j, and set e s = i;et = j ( "s" = "source" , 
"t" = "target"). 

Letting k 7 = (J) ie ,r k denote the ring spanned by I, with product ij = 5iji, we can consider (Q) 
to be a k^-bimodule with multiplication iej = 5i es Sj et e. One has kQ = T^iQ. 
Finally, we need some further notation throughout: 

Notation 1.6.1. The "length" of a path in a quiver is the number of edges in the path. Similarly, 
the length of a line segment of edges is the number of edges in the segment. 

Notation 1.6.2. If Jo C /, and k is any commutative ring, then let lj G k 7 denote the matrix which 
is 1 in entries (io, iq), Vio G Iq, and zero elsewhere. In terms of idempotents, we have lj = Yli ^i *()■ 

Notation 1.6.3. When considering a quotient A/B, we will not assume B is an ideal (so, we take 
the quotient as graded modules by default). The ideal generated by any space will be denoted by 
placing the space in double parentheses: ((r)) = the ideal generated by r. 

Notation 1.6.4. Throughout, we use F A G := F <g> G - G <g> F. 

1.7 Acknowledgements The author is very grateful to Pavel Etingof for communicating Rains 
and Hesselholt's conjecture and for many useful discussions. The author thanks Victor Ginzburg for 
discussions, Lars Hesselholt for explaining patiently his work on Witt theory and much of Section 
12.11 in detail, and Eric Rains and Pavel Etingof for assistance with/access to MAGMA. This work 
was partially supported by an NSF GRF. 

2 Relations to Witt theory and Goldman/Turaev's algebra of loops 

2.1 Relation to noncommutative Witt theory In [Hes97j, [Hes05], Hesselholt defined p- 
typical Witt vectors W(A) for any noncommutative ring A, and the vectors of a given length £, 
Wg(A). In the case where A is commutative, this reduces to the usual Witt vectors [Wit37]. 

Hesselholt also generalized the Frobenius (F), Verschiebung (V), and Restriction (R) operators 
to the noncommutative setting. One has F,R : We(A) — > Wi-\(A) and V : Wi(A) — > Wi + i(A). 

While, in the commutative case, the Verschiebung operator (which essentially has the form 
V(°o> a li ■ ■ ■ } ty-i) = (Oj a 0j «ij • • • j o-i-i) is always injective, it turned out this may not be the case 
in the noncommutative setting. Hesselholt found exact sequences, 

HH\{A) % We(A) W e+ i(A), (2.1.1) 

which are functorial. In particular, if Ya=i ^i^Vi ^ A(&A is a Hochschild one-cycle (i.e. Y^i=ii^^ Vi\ = 
0) for some Xi,yi G A, one may consider the map <f> : n — > A mapping xi 1— > Xj, yi 1— > yf, then one 
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has a commutative diagram with exact rows, 



ffifi(n)-^Uwi(n)— ^w e+1 {n) (2.1.2) 



5, 



V 



HHi(A) -U- — ^ W^+x^), 

so that o <5^Ej (8 = %i ® Hence, the kernel of the Verschiebung map is the span 

of all elements that can be obtained as the image of the classes <5^Ei Xi (8> y%\ under algebra maps 
II — > A (for all choices of n) . 

Furthermore, one has Wi(^4) = A/ [A, A], and Hesselholt computed that <5i(X^ x i <8> y«) = r^. 
Hesselholt also pointed out that (^Q^Xj ®yi) should be the j/ _1 -th power (r( p )) p , discussed in 
the next subsection. 

2.1.1 p-th power maps and Lie structure of torsion elements If A is any commutative 

ring over characteristic p, one has the well-known formula (a + b) p = aP + W: that is, the p-th 
power map is additive. This is no longer true for noncommutative rings, but it is easy to check 
that the result does still hold in A/ [A, A]. That is, x p + y p - (x + y) p € [A, A}. (In fact, Jacobson 
discovered in the 1940's that x p +y p — (x+y) p can be expressed as a linear combination of successive 
commutators of x and y.) 

For this section we will let Q be any quiver. Since L = P/[P,P] and A = 11/ [II, II], the p-ih 
power maps p : L ® ¥ p — ► L ® ¥ p , A <g> ¥ p — > A (8> F p are well-defined by the formula [f] p := [/ p ] for 
any / € P. It thus makes sense to compute the p-th powers (r( p ^) p . 

Expanding ) modulo p, one has 

r^=E'r . S (ei,...,e p )[(e 1 el--- epe ;)^ 1 ], (2.1.3) 

s(ei, ...,e p ):= u(ei, e*) • • • w(e p , e*), (2-1.4) 

where the ' here denotes summing over all distinct cyclic p-tuples (ei, . . . , e p ) excepting p-tuples 
of the form e\ = &i = ■ ■ ■ = e p (although these would cancel anyway). 
Hence, one immediately deduces the 

Proposition 2.1.5. One has (r( pf )) p = A pl+1 "> (which makes sense over any commutative ring k 
of characteristic p). 

The Witt-theoretic meaning of this is as follows (cf. Section 12. ip : We should think of Hq as 
the "universal" case of the map 5g : HH\{A) — * W n (A) whose image is the kernel of the n-th 
Verschiebung map V : W n {A) — > W n +\(A), for algebras A over the semisimple ring Z J (or if we 
tensor by a field or commutative ring k). 

From Proposition 12.1.51 Hesselholt pointed out that one may deduce F e ~ 1 Sg(^2 i Xi (8> y-i) = 

r (p l ) G vFi(n) = n/[n,n]. 

Then, we immediately deduce from Theorem 1 1 . 1 . 21 the following: 

Proposition 2.1.6. For any non-Dynkin, non-extended Dynkin quiver Q, the image of the element 
T^eeQ e ® e * G HH^Hq) under P £_1 ^ is € W\(J1q) = Uq/[Uq,Uq]. In particular, none of 
the higher Verschiebung maps W^ijlq) — > W^+i(IIq) are injective. 
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This only requires one direction of Theorem 11.1.21 that the elements A pi ^ are nonzero, which 
is proved in Proposition 14.2.371 as a step in the proof of the theorem. 

Hence, Hesselholt and Rains' conjecture II. 1.11 simply says that, in the "universal" case of II, 
none of the Verschiebung maps are injective, but have kernels which map to A p ) under the I — 1-th 
power of the Frobenius; and for an arbitrary algebra A, the kernel of the Verschiebung map is 
just the span of the images of these elements 5t(Yli x i ® Hi)- I n the case I = 1, the kernel of the 
first Verschiebung map is the space of all elements |[(X]J^i> y«]) P ] e Wi(A) = A/[A,A], such that 

YiAxiiVi] = in A - 

For Dynkin and extended Dynkin quivers, the torsion is finite and listed in Theorem l4.2.60l (and 

only occurs in "stably bad" primes, as noted in Section [TTT1) . We thus deduce the 

Proposition 2.1.7. Let A be a Z 1 -algebra and p a fixed prime. Take any Dynkin or extended 
Dynkin diagram Q, and any element X := EeeQ Xe ® e HH\{A) with x e G iAj,y e G jAi for 
e : i — > j. Then, the map F e ~ l 5g kills X ifr&^ = 0, i.e., if r^ pt "> is not one of the nonzero torsion 
elements listed in Theorem \4-2. 60\ 

For example, F e ~ 1 5g(X) is zero if p > 5 or Q is of type A (or for large enough £ for any fixed 

Q). 

2.2 Relation between A and Goldman/Turaev's Lie algebra In the case where Q is a 

9 

quiver with only one vertex and g loops, II := k(xi, . . . ,x g ,yi, . . . ,y g )/ (^^{xiyi — y%Xij), and so 

A = Il/[n, IT] can be thought of as an analogue of the free homotopy classes of loops on a surface 
of genus g. In [Gol84j, a Lie algebra structure was defined on the vector space with basis the free 
homotopy classes of loops, and in [Tur91j it was given a Lie bialgebra structure and quantized. If we 
replace II with the path algebra P-q of t he double quiver, then the analogous Lie algebra structure 
was defined (independently) in [GinOH [BLB02], and the Lie bialgebra structure was defined in 
Sch05]. One of the results of this paper (Section [5]) shows that the above Lie bialgebra structure 
descends to A. In this section, we explain the analogy between quivers and surfaces in more detail. 

In the case g = 1, we have the quiver A$; so we suggest that one should think of extended 
Dynkin quivers as the noncommutative generalizations of closed genus-one surfaces, and the non- 
Dynkin, non-extended Dynkin quivers as generalizations of higher genus surfaces, or surfaces with 
punctures. 

As a special case, to define an analogue of the genus-g surface with m punctures pi, ■ ■ ■ ,p m , one 
may consider the algebra ft := k(zi, yi, ... , y g ,pi, . ,p m ) / '((XXiO^yi ~ Ui x i) + YhLi Pi)) i 
which one may show can be given a Lie structure just like our space. One way to see this is to 
think not of adjoining loops pi, ■ ■ ■ ,p m to the double quiver Q, but rather to think of adjoining m 
infinite rays to the quiver Q, all beginning at the initial vertex and going off to infinity. That is, 
Q is the disjoint union of a star with m infinite branches and a collection of g loops at the node of 
the star. One may see that this makes sense: even though the element r is no longer defined, the 
elements jrj for length-zero paths (vertices) j are still defined, and we can replace the ideal ((r)) 
by the ideal generated by all such jrj. We will show in Proposition 12 . 2 . 101 in the next section that 
A for this quiver indeed has the desired form. 

In fact, Proposition 12.2.101 has the more general Corollary 12.2.151 if we take the quiver Q 
obtained by attaching g loops and m line segments of lengths £%,. . . ,£ m (which we allow to be 
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infinite, thus giving infinite rays described above) to a single vertex i s £ I, then 

g m 

i s U Q i s = A := k(xi, ...,x g ,y 1} .. .,y g ,Pi,.. ■ ,Pm)/(Q2[xi,yi] + ^2pi,p/ + )) je {i,..., m }, (2.2.1) 

i=i i=i 

Aq A/ ([A, A] + {pf) ie{ i,.„ imW >i), (2.2.2) 

where by definition we set = (when £j = oo). Thus, we see that the Aq for the above quiver is 
the additive analogue of the free homotopy classes on a surface of genus g with m elliptic points (or 
punctures) of orders l\ + 1, . . . ,£ m + 1. In particular, , A_g , and Aj, g are the additive analogues 
of free homotopy classes on the Euclidean orbifolds modeled on a sphere with three elliptic points, 
of orders 3,3,3 (for Eq), 2,4,4 (for £7), and 2,3,6 (for Eg). This is exactly as expected, since 
these are the orbifolds obtained by quotienting the sphere by the group of tetrahedral, octahedral, 
or icosahedral rotation groups. 

In general, the extended Dynkin quivers are the additive analogues of orbifold surfaces of zero 
Euler characteristic, while the non-Dynkin, non-extended Dynkin quivers are additive analogues of 
hyperbolic orbifolds (negative Euler characteristic). 

One may also consider the statement "the Dynkin quivers are the additive analogues of the 
spherical orbifolds (positive Euler characteristic)", although as we will see, Aq is a finite abelian 
group for such quivers (in particular Aq <8>Q = 0), so one cannot obtain much by studying them in 
this way. It is still interesting to consider all of the higher Hochschild homology for the Dynkin case 
([EE07] for the rational case), which is more complicated than the non-Dynkin case: in particular, 
(at least over Q) it is periodic of period six, while the non-Dynkin preprojective algebras have global 
and Hochschild dimension equal to two. We will not discuss the higher Hochschild homology of 
Dynkin quivers in this paper (in the integral case, this is not yet known, and it would be interesting 
to study in a future paper). For non-Dynkin quivers, as we will compute, the higher Hochschild 
homology and cohomology and all of its structure is controlled by the Lie algebra Aq . 

To make the above analogy more precise, one may introduce, for any orbifold M of dimension 
two with fundamental group G, the group algebra C[G]. Then, by [Vai07], Goldman's Lie alge- 
bra appears by studying the Hochschild (co)homology of G (just as A appears in the Hochschild 
(co)homology of Hq). Furthermore, as pointed out by P. Etingof, if i is the special vertex of the 
above quiver Q (where everything is attached), then the pro-nilpotent completion of illi is isomor- 
phic to C[G] where G is the pro-unipotent completion of G. It would be interesting to use this to 
compare the Turaev/Goldman algebra with the necklace Lie algebra. 

Finally, it should be noted that the Lie structures of HHq(II), HHq(C[G]) discussed above can 
be explained by studying the Hochschild cohomology: we will show explicitly in Section [10] that 
the Lie bracket is closely related to the Gerstenhaber bracket on HH l (JI), and still more closely 
related to the cup product HH l (JX) ® HH l (Jl) — > HH 2 (IV) (and can be obtained from the latter). 
This is only meaningful for non-Dynkin quivers since HHq(JIq) = when Q is Dynkin. 

In summary, studying the Lie algebra and Hilbert series of A can be thought of as providing 
information about the structure of noncommutative surfaces, or of an additive analogues of usual 
surfaces. In this paper, we concern ourselves with studying the structure of A in finite characteristic, 
and of higher Hochschild groups for non-Dynkin quivers. 

2.2.1 Partial preprojective algebras and quivers with attached line segments In this 
section, we explain (12.2.ip . (|2.2.2p through the related notion of partial preprojective algebras, which 
we also need throughout this paper. 
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Definition 2.2.3. [EE05] Given any quiver Q on edge set /, and any subset Jo C I of vertices 
(called the white vertices, with I \ Iq the black vertices), define the partial preprojective 
algebra U.Q t i by (cf. Notation 11.6. 2ft : 

n Q ,/ := PQ/((li rli )). (2.2.4) 

Definition 2.2.5. Define A QJo := HH (Y1q Jo ). 

One way to interpret the partial preprojective algebra is as follows: Take the underlying quiver 
and adjoin, at each white vertex i £ 4 an infinite ray based at i, to form an extended quiver 
Qin oo- Then, the projection I/Ha 1/ of the preprojective algebra of this extended quiver to I 
is just the partial preprojective algebra IIq^,,. Precisely, 

Definition 2.2.6. For any map / : Iq — > Z>o, let Qi j be the quiver obtained from Q by attaching 
a segment of length f(i) to each i G Io (i.e., the segment has f(i) edges and f(i) vertices). 

Definition 2.2.7. For any two functions /, g : Jo ~~ ¥ Z>o, let / < <7 denote f(x) < g(x) for all 
x G Jo- 
Note that, for any / > g, one has a surjection IIa —» IIa . One may consider the inverse 
limit lim IIa . We may think of this limit as IIa , where Qj n ^ is the "infinite quiver" described 

/ ^IqJ VJ ,oo u ' 

above: this formula is correct if one suitably modifies the definition of preprojective algebra to 
account for the fact that r no longer exists (it is an infinite sum). Note that Hochschild homology 
does not commute with the above inverse limit. 

One has the following result, which compares the partial preprojective algebra and its zeroth 
Hochschild homology to the above inverse limit: 

Proposition 2.2.8. We have the following natural isomorphisms: 

(i) iiQ^iLijn^ij. 

(%%) \imHH {U 0io f ) ^ A Q!l0 /(ir e i) iel0ie >t. 
Proof, (i) This follows from the formula 

(ii) Let Ij j be the vertex set of Qi j- By the following Proposition 12.2. 10} one has an 
isomorphism HHq(1i1Iq li)/{[a% [i]) sEl £ > x ie f f \i ^ hh o(Kq ), induced by the inclusion 
I/LTa 1/ <^-> IIa . Here a s is a loop of length two, obtained by beginning at i s , traversing one 

edge in Qi j \ Q, and then its reverse back to i s . If we now assume that / is such that f{i) > N 
for all i £ Io, then in degrees m < 2N, we evidently have HHo(liHfy lj)[m] = HHo(IlQj )[m], 

using the isomorphism (I2.2.9p . Under this isomorphism, the image of a e s is i s r e i s , for any i s € Io- 
Now taking the limit N — > oo gives the result. □ 
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In the above proposition, we used the following more general result for quivers Q obtained from 
Q by attaching any number of line segments to its vertices (not limiting to one line segment per 
vertex). In particular, this explains why adding infinite rays to a vertex is like adding "punctures" 
to the corresponding "surface" (Section 12 . 2|> . 

Proposition 2.2.10. Let Q be any quiver on vertex set I and Q D Q a quiver obtained from Q by 
attaching some line segments L s ,s G {1, . . . , to} of lengths d s to vertices i s € /: by this we mean 
L s n Q = {i s } for any s, and L s n L s > = {i s } n {v}. For each line segment L s , let a s be the loop in 
Q of length two which begins at s, travels one edge along the segment L s , and then takes the reverse 
edge back to s. Then, we have 

(i) The inclusion I/IIaI/ IT^ induces a surjection 

HHoil^lj) -» HH (IIq) (2.2.11) 

with kernel ([af j7n -j. . As a consequence, the inclusion induces an isomorphism 

HH (n ) A i/F (l / n (5 l / )/([af]) se{li ... im}/ > 1 . (2.2.12) 

(ii) One obtains isomorphisms 

HHo(Rq) *^ HHq(J1qj q * k / B)/ (\pl\) S £{i,...,m},e>l) where (2.2.13) 
B = ($B h B l = k( Ps ) slia=l /((pf, A)) sM «k«. (2-2.14) 

i&Io s'\i 3 i=i 

Note that it is easy to combine Propositions 12.2.81 and 12.2.101 to describe the case of a quiver 
with some finite and some infinite line segments added. In this direction, we only state the promised 

Corollary 2.2.15. Let Q be the quiver obtained by beginning with one vertex i s , and attaching 
g loops, and m line segments of lengths £i,...,£ m (allowing for £j = oo). Let L be the vertex 
set, so that iri is a well-defined finite sum for each i 6 /. Then, defining Aq = HHq{JIq) where 
ITq = pQ/((iri)) i£l , one obtains formulas (|2.2.1|) and (|2.2.2j) . where we set by definition p°° := (for 
any j). Thus, Aq is the "additive analogue of the orbifold surface of genus g with orbif old /puncture 
points pi, ■ ■ ■ ,p m of orders l\ + 1, . . . ,£ m + 1." 

The corollary easily follows from part (ii) of Proposition 12.2.101 using the argument of the proof 
of Proposition 12.2.81 

The rest of this section is devoted to the proof of Proposition 12.2.101 which the reader may 
safely skip. 

Proof of Proposition [2. 2. 1 (A (i) First, we show surjectivity in (|2.2.1ip . Any path in P— which lies 

entirely in one of the line segments L s (for any fixed s) projects to HHq(IIq). Then, any other 
path projects to the same element as a path that begins and ends at a vertex in Lq. This proves the 
surjectivity. Also, it is clear that [a e s ] is in the kernel of (|2.2.1ip for any £ > 1 and s£ {1, . . . , m}, 
so it remains to show that the resulting map (|2.2.12f) is injective (and hence an isomorphism). 

To do this, we construct an explicit inverse. For this, we need to characterize the spaces j±U.j2 
in terms of 1/11^1/ (in cases when at least one of ji,j2 are not in I). For this we have the following 
lemma: 
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Lemma 2.2.16. In the situation of Proposition [2. 2. 1 (A let I be the vertex set of Q, and let ji,j2 G 
I\I, which are on line segments L S1 and L S2 , respectively. Let Pi j t be the straight-line path (in 
L Sl ) from i Sl to ji, and similarly define Pi j 2 ,pj 1 i s , andpj 2 i S2 . Suppose the length of L s is d s for 
all s. Let di j x = \pi si j 1 \ be the straight-line distance from i Sl to ji, and similarly define di j 2 . 
Then, we have an exact sequence of Z -modules, 



d 31 -di h +l d S2 -di h +l . . ^p nai xp a2J2 



(2.2.17) 



s l ~~ LLl s 1 ,31 +^tt . T-r d S2 —di S2 ,j 2 -\-l . ^ Xh ^PjiS 1 x Ps 2 j2 



0—1 "Si jJl ' T-r | TT °3i ts 2 tJ2 ' tt 1 J "SiJ2 ■ TT 

min(d <si j 1 ,d is2 j 2 )-l 

S Phhi. a 'YPhh ifsi = s 2 , (2.2.18) 



£=0 



where a' is any loop of length two inside L S2 , beginning and ending at j2 . 

Furthermore, if one of ji, ji is in I and the other in I \ I, then we have the exact sequence 

_> afr" d!siJ1+1 n — N^./j ' '- :: ''' .yiH (; ./2 -> 0, ifh G L si ,j 2 G J, or (2.2.19) 
0^n a S2 2 " 2J2 ^ S1 IL^ S2 — » ^11^2^0, i/ J2 G L S2 ,ji G /. (2.2.20) 

Proof. The image of any path in 11^ which lies strictly inside a line segment L s only depends on its 
endpoints and length. This and the fact that any path from j% to j'2 must pass through Q if i Sl ^ i S2 
shows the exactness at jiHqj2 above. Exactness (injectivity) at a^ 1 ' sl ' n TL ( ^ + IT^a,^ 2 * S2 ' 32 

and at Yle=o <ai3 ' 1 ' * S2j2 ' ) Pjij 2 ( a 'YPj2ji (surjectivity) is obvious. It remains to show exactness at 
i Sl Hfii S2 . That is, it remains to compute the kernel of x i — > Pj\s\Xp S2 j 2 . To do this, let us consider 

hP^h^h^-Qh- (2.2.21) 

The kernel of this is Ji((r))j2, which we may rewrite as follows. For all s, let be the sum of all 
vertices on L s except i s (so, the vertices from I \ I on L s ). Then, we have 

h((r))h =ii(((l,i + l S2 )4i2+^- lisi ((r)K 2i2 . (2.2.22) 
We deduce (using the RHS and the observations at the beginning of the proof) that 

Pjiis^QPis^ n ii(( r ))i2 = Phis.at 1 dl31 ' 3l+1 %p; 32i2 +p jlisi UQa d s s 2 2P ' S2n dts ^ n+1 +p hisi {{r))p is2j2 . 

(2.2.23) 

This yields the desired result. 

(ii) This easily follows from (i) using the formula 

n Q)/o * k x S. (2.2.24) 

□ 
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Now, we define the map HHq(Uq) — > HHo(lin.Qli)/([a~\} se ^ ... jm }^>i as follows. First, let us 
define a map 

n fl-flbCi/n^i/). (2.2.25) 

First, the map sends ixj to zero if i ^ j for vertices i,j € I. Next, on IjIIqIj, the map is 
the tautological one. Then, for any j £ I \ I, with j in the line segment L s , we set Pji s xpi s j i— > 
[^(pj s jPji s )] = [xaf lsJ ]. To see that this is well-defined, by the lemma it suffices to show that if 
x € a ds "^"'tIa + n^af s then [a:a a **'] = E HHq(1[Uq1j). However, this follows from 

the fact that [a d s s ~ d ^ +1 U^af SJ ] + [U^af a3 a d s s ~ dlsJ+1 } C [l/II^l/, ljll^li] + [a^ +1 1/IIaI/]. Then, 
the only elements of jTIgj which can not be written in the form Pji s xpi s j are (by the Lemma) those 
elements represented by paths lying entirely in L s , of total length less than 2dj j s . Let us define 
such paths to map to zero. We thus get a well-defined map (|2.2.25p . 

Next, if we post-compose the map with the quotient H Hq(1jIIq1j) -» HHo{liIlQli)/([a~]} se ^i y ^ jm y^>i, 
then all elements of II represented by paths which lie entirely in L s (of any length) map to zero. It 
remains to show that the composite map kills [ILg,ILg]. For this, we need to show that 

1- [PjisfPisjiPjisf'Pisj] ma P s to zero for an y f,f 6 isRgis and j G L s , 

2. \pji s fpi s j, a'] maps to zero for any / € i 8 1Ifii s , j G L s (j ^= i s ), and where a' is a path of 
length two beginning and ending at j. 

The image of the element in part (1) is [fa?" fa?" j ] - [fa? si fa s ' sj ] = 0. The image of the element 
in part (2) is [fa s lsj+1 ] — [a s fa d ? s3 ] = 0. This proves that our map descends to a map 

HHqQLq) - HHoiUU^/iai)^...^^. (2.2.26) 

It is clear from the definition that this map is inverse to the map in (|2.2.12p induced by inclusion. □ 

3 Hesselholt and Rains' conjecture and Theorem 11.1.21 for good 
primes 

The reader who would like a reminder on Grobner bases and the Diamond Lemma (and more 
general versions of them) is referred to Appendix [Al 

3.1 Proof of Hesselholt and Rains' Conjecture II. 1.T1 The purpose of this section is to prove 
the following main combinatorial result, which in particular implies Conjecture ll.l.ll The proof of 
this lemma will be generalized later, to compute bases of II and A for quivers containing A n ,D n : 

Definition 3.1.1. For a sequence (xi, . . . ,Xk) € X k for any set X, let per(x.) be the period (the 
least positive integer such that X{ = x i+pcr ( x ), with indices taken modulo k), and let rep(x.) := 
k/per(x.) be the number of cyclic permutations which fix the sequence (the size of the stabilizer in 
X/k of the sequence), which we can call the "number of times the sequence repeats itself", hence 
"rep". 

Lemma 3.1.2. Let A := F/R where F := Z(x, y, r') and R := ((r)) with r := xy — yx + r' . Then 
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1. A basis for A is given by monomials in x,y, and r' such that the maximal submonomials in 
x, y are of the type 

\xy) b x a - b , ifa>b, 
z a ,b ■= I (yx) a y b - a , ifa<b, (3.1.3) 
1, ifa = b = 0, 

i.e. of the form z aiM r'z a2M ■ ■ ■ r'z am+lfim+1 for m, a i} h > 0; 

2. A basis for A/[Ar'A, A] is given by 

(a) z a y, and 

(b) Cyclic monomials [z au b 1 r ' z a 2 ,b 2 ■ ■ ■ z am ,b m r']. 

3. The Z-module A/ [A, A] can be described as V/W, where V = A/[Ar'A, A] is described as 
above, and and W C V has as a basis the elements (for a > b > 1): 

^-E:.,,^['n'(-'K,*], (3.1.4) 
^£:, t .^inVj, (3.1.5) 

W a>a = [(xy + r') a ]-[(xy) a ], (3.1.6) 

where the sums range over distinct cyclic monomials of the given form, such that W C) d always 
has bidegree (c, d) in x, y (with r' having bidegree (1, 1) ), and such that a£ > bi for all I. That 
is, for k := \{a.}\ = \{b.}\, we require b\ + 62 + . . . + bk + k = b and a\ + 02 + • . . + at + k = a, 
with ae > be > 0. The coefficient rep(i., j.) is meant as a period of a TLjk-tuple of elements of 
Z> x Z> . 

More precisely, the given subset V maps surjectively to A/ [A, A] under the tautological quo- 
tient, and the kernel is W . 

4- None of the elements W a b are multiples of any non-unit inTL. Modulo ([(O m ])m>i> on ^V the 
elements W p iy are multiples of any non-unit, and its greatest positive integer factor is p. 

Furthermore, let V := V[j } (r') pl ] p w ime ) i>\; an d F/[FiF],A/[A,A\ similarly be the result of 

adjoining [^{r') pl }. Then, the elements ^W p e p e € V and p-[r pl ] € F/[F,F] have the same 

image in A/[A,A], are nonzero, and span the torsion of A/ [A, A] (7Ljp in degrees 2p e and 
otherwise). 

We note that abstractly understanding A/ [A, A] is easy if we wanted to use cyclic words in x 
and y, but the point of finding bases as above is to allow one to obtain bases in a further quotient 
by a power of r', or in an extension of A (cf. Corollary I3.1,14| ), In particular, to prove Conjecture 
11.1. 11 we will view A as a subalgebra of II = Z(x±, . . . ,x g ,yi, . . . ,y g ) by x = x\,y = y\, and 
r' = Ylf=2 [ x i ' Vi\ ' m wn i cri case [( r 'Y] = f° r an t>l- 
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Proof. ([I]) This is not too difficult. Note that it would be easier at this stage to solve the problem 
if we had defined z a ,b to be x a y b (in which case we could use the Grobner basis (xy — yx + r') with 
respect to the graded lexicographical ordering with \r'\ = \x\ = \y\ = 1 and r' < x < y), but the 
choice we made is convenient for the last part of (3) (for more details, see Remark I3.1.17jl . One 
quick proof for z a \> as defined would be to use the fact that the result is true using x a y b instead, 
while the normal form of z a ^ with respect to the x a y b, s has leading term x a y b . 

However, we show how to use the Diamond Lemma as a warm-up to the next part. First, 
define the disorder Dis(M) of a monomial M in x, y to be the minimal number of swaps of adjacent 
letters in M needed to bring it to the form z a ^. For a monomial M = M\r'M 2 ■ • • r'M n+ i for n > 1, 
Dis(Af) = Dis(Mi) + . . . + Dis(M n+ i): that is, Dis(M) is given by the sum of the above disorder 
over each maximal monomial in x's and y's. 

Let O(M) be the maximal nonnegative integer such that M € (r')°( M \ Then, we define the 
partial order on monomials such that Mi -< M 2 iff either 0(Mi) > 0(M 2 ) or 0(M\) = 0(M 2 ) 
and Dis(Mi) < Dis(M2). Every relation f(xy — yx + r')g, where / and g are monomials, then has 
leading term equal to either fxyg or fyxg (because of the O condition), and thus can be viewed 
as a reduction fyxg 1— > fxyg + fr'g or fyxg 1— > fxyg — fr'g which reduces the disorder of the 
leading term. To check confluence, suppose two reductions of a given monomial are possible. Then 
one easily verifies that either the two are in disjoint positions, in which case either can be applied 
in either order with the same result, or if the two overlap, then one can swap the two pairs of 
positions in either order, and both will be a sequence of reductions with the same result. (This 
gives a stronger "diamond" property than the confluence condition, which only requires that the 
difference of two distinct reductions is the span of some relations of lower order.) So there is a 
unique reduction to normal form. 

With either approach, all reductions appear with leading coefficient 1, so the submodule R is 
saturated and the quotient F/R is free, and has the given Z-basis. 

([2]) Let F' C F be spanned by monomials not containing r' and let V := F' © Fr'F/[Fr'F, F]. 
We have an obvious surjection j3 : V — » A/[Ar'A,A]. V has a basis consisting of monomials not 
containing r' and cyclic monomials containing r' . Let us define a partial order on such monomials: 
/ -< g if either (1) 0(f) > 0(g); or (2) O(f) = O(g) and there are fewer swaps yx <->• xy needed to 
bring / to the form of a basis element than for g. 

Then, it is not difficult to see that the set of reductions f(xy — yx)g+[fr'g], [h(xy— yx+r')] G V 
(for f,g,h monomials, with h € ((r')) and f,g £ ((r'))) form a confluent set W', so that V' /W' = 
A/[Ar'A, A], as desired: the normal- form basis of the quotient is given by the elements listed in 
the statement of ([2]). One makes the same arguments as before: the main point is that cyclic 
monomials that contain r' behave similarly to regular monomials in that one can compute the 
minimal number of swaps xy <-> yx needed to reduce to a normal- form element, and any two 
reductions can be performed in either order with the same result. 

© We claim that [A, A] = [Ar'A, A] + [(z a% b-i), y] + [(z a -i,b), %]■ This follows immediately from 
the fact that the z a ^ form a basis of A (Part (pQ)). This means that [.A, A] = V/W where W is 
spanned by the relations 

W a ,b,y ■= v([za,b-i,y]) > w a> b )X := r]([z a -i,b, x] G V, (3.1.7) 

where 

77 : A -» A/ [Ar'A, A] = V is the quotient. (3.1.8) 
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It remains to show that 

{w a ,b,x,w a ,b,y) = {W a ,b}- (3.1.9) 

This will complete the proof of (|3|) . 

We will prove the sharper result that 

gcd(a,6) gcd(a,6) 

7 w a bx = w ahy = ±W a , b , (3.1.10) 

b a 

using the positive choice of gcd, where ± is plus if a < b and minus if a > b. 

First, we note that aw a ^, x + bw a ^, y = 0, since the left-hand side is equivalent in A/[Ar'A, A] to 

a+b 

y2 7 l([ fl i+i fl i+2 ■ ■ ■ h a +bhih 2 ■ ■ ■ hj-i, hj\), ht ■ ■ ■ h a+b = z a>b . (3.1.11) 
i=i 

Thus, it suffices to consider just one of the w a ,&,x, w a,b,y Let us suppose that a > b. Then, it follows 
that w a ^ )X is the result of successively commuting the x on the right of (xy) b x a ~ b all the way to the 
left, and subtracting the resulting x(xy) b x a ^ b ^ 1 . So, w a ^,x = ^o< b '<b-i[( x y) b xr'(xy) b ~ b ~ 1 x a ~ b ~ 1 }. 
Each summand can then be reduced to a linear combination of monomials in r' and the z_ 5 __'s. 
Specifically, this is the sum of all possible terms of the form [r / z a-1 ^r' • • • rz^ ^ ] such that bi > 
b — b' — 1, and satisfying the conditions of (|3.1.4p : an > be for all £, and a\ + • • • + a& + k = a, 
b\ + ■ ■ ■ + &fc + k = b. So, when we add up all the contributions to w a ^^ x , we get —((pi + 1) + ■ — h 
(b m + 1) = b)/rep(a.,b.) copies of each [(-r')z aiM (-r') ■ ■ ■ (-r')z am>bm ], i.e. just - gcd ( a|6) W a , b . 
For the same reason, when b > a we get io a ,6,y = ~ gcd ° a b ^ W a ^ b . So it remains to consider w b>biX . 

Here, we get r)((yx) b — (xy) b ) = [(xy + r') b ] — [(xy) b ], as desired. 

It is clear that the elements W ab are zero if either of a or b is zero. This completes the proof of 
part ©. 

(j3|) Since V is a free Z-module, and each relation f)3.1.4j) — (|3.1.6j) lives in a different bigraded 
degree, we find that the torsion part of V/W is a direct sum of some cyclic module for each bigraded 
degree a, b. In fact, the cyclic module is just "L/g a ^ b , where g a ^ b is the gcd of all the coefficients 
that appear in (|3.1.4p -( |3.1.6jl . To compute this, we claim that the numbers rep(a.,6.) range over 
all positive factors of gcd(a,6): it's clear that any cyclic monomial of the form [f e ] with bidegree 
(a, b) must have t be a factor of a and b; on the other hand, for any such factor, we can form the 

cyclic monomial [f e ] where / = v'xl ~ 1 y~t~ 1 . So, the gcd of the coefficients — — - — , -— is 1 for all 

rep(a.,o.) 

a, b. On the other hand, in the case a = b, we see that the coefficients of [(xy + r') m ] — [(xy) m ] 
have gcd equal to one, but if we restrict to the terms other than [(r') m ], then the gcd is equal to p 
in the case m = where p is prime (but still one in any other case) . This proves the claims of the 
first paragraph. 

Finally, we need to show that the elements hW p e tP e 6 V and ^[r p ] E F/[F,F] have the same 
image in A/ [A, A], are nonzero, and span its torsion. First, we have already seen that the image of 
the elements ^W p i p e G V are nonzero and span the torsion of A/[A,A], since A/ [A, A] is obtained 
by modding by the elements W a , b , which now have greatest integer factor = p if a = b = p e and 
greatest integer factor = 1 otherwise. 

We can write the image of the element -[r p ] in Aj [A, A] as follows: 

I [r y _ {xy f _ {-yxf] + 1(1 + (-lf)[(xyfl (3.1.12) 
p V 
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and since the first term in square braces is actually p times an integral combination of cyclic words, 
we can replace terms (yx) by (xy + r') (without destroying the ability to divide by p), and obtain 

-[-(xyf - (-xy - r'f] + 1(1 + (-lf)[(xyf) = -{[(xy + r'f] - [(xy/}) (mod p), (3.1.13) 

p p p 

which is the image of lWpi tP e under F/[F, F] -» A/[A, A], as desired. □ 

From the proof, we immediately deduce the more general 

Corollary 3.1.14. Let B be any (graded) algebra andr' £ B\{0} (of degree 2). Letr := xy—yx+r', 
and set F 1 = Z(x, y) * B and A' = F'/((r)). Then 

HH (A') £- HH (Z[x, y] * B)/W, (3.1.15) 

where W is as described in Lemma \3.1.2\ In particular, 

torsion(HH (A')) ^ torsion(HH Q (B))@ (r {pt) ). (3.1.16) 

p prime, £>1, 

such that (r')P £pB+[B,B] 

The isomorphisms are obtained from F' — » A' by picking a Z-module section of7L\x,y\ into F' . 
The element here is the image of ^[r pl ] £ HHq(F'), coincides with p-W p i p e, and generates a 
summand ofL/p. 

The corollary immediately implies Conjecture ll.l-H setting B := Z(x2,2/2, • • • ,x g ,y g ) and r' = 
^2j = 2[ x j^Vj]- (I n fact, it implies Theorem 11.1.21 in the case Q contains a loop, i.e., Q 3 Qo - A^. 
See Remark [3X201) 

Remark 3.1.17. As noted, the proof of parts (l)-(3) is slightly shorter if we use z a ^ = x a y b ; in this 
case we have 

a. ,b. ^ y ' ' l=\ 

and the Diamond Lemma argument is a bit simpler. However, the disadvantage is that the formula 
for the explicit generator ([r p ] — [(r ) p ])/p does not follow explicitly from the computation; also, 
the computation above is more similar to what is needed in the D n case (note that using x a y b is 
possible even in the A n _\ case). 

3.2 Proof of Theorem 11.1.21 for good primes: a T-equivariant version In this section, 
we will prove a T-equivariant" version of Lemma 13.1.21 which will allow us to prove the main 
Theorem 11.1.21 for good primes. 

Let Qq be an extended Dynkin quiver, and T C SX2(C) the corresponding finite subgroup 
under the McKay correspondence. By [CBH98], §3, for k = C, we know that there are Morita 
equivalences 

P^k~k(x,y) xT, (3.2.1) 
n Qo ®k~k[x,y] xT, (3.2.2) 
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by explicitly realizing 

P^®k Af(k(x,y) xT)f (3.2.3) 

where f £ k[r] is a sum of primitive idempotents, one for each irreducible representation of T. 
In more detail, f = ^2 ie i U, where the vertices Iq of the extended Dynkin quiver Qq also label 
the irreducible representations Ui of T, and fj is chosen so that k[r]fj = XJ{. Then, one may 
choose elements e € k(x,y) x T so that the map e i — > e, z ( — > gives the isomorphism ()3.2.3p . and 
furthermore that the element xy — yx G k(x, y) X T maps to the element r € Pq^i yielding (|3.2.2p 
(specifically, (|3,2.3p descends to Hq (g) k f(k[x,y] xi T)f). 

Then, the idea of the proof of Theorem 11.1.21 for good primes is to repeat the arguments 
of the previous section, generalizing to a 'T-equivariant" version. This involves replacing A = 
k(x, y, r') j ((xy — yx + r')) = k(x, y) by A = (k(x, y, r') / ((xy — yx + r'))) x T = k(x, y) x T. Here, 
we set the T-action on r' to be trivial. 

There are a few problems with this. First, in the previous section, we worked over Z; we cannot 
get any torsion information setting k = C as above. We resolve this problem by restricting to 
"good characteristic": primes that do not divide where all of the above easily generalizes (as 
is well-known). As a slight modification, rather than working over an algebraically closed field in 

good characteristic, we will set k := Z[jpy, e"^], since this allows us to see all of the torsion (except 
in bad primes) simultaneously. 

Second, we will need a way to get from the A and F above to actual preprojective algebras of 
quivers properly containing Qq. This will follow from a generalization of Corollary 13.1.141 and some 
general arguments about (partial) preprojective algebras, further developing some of the ideas of 
[EE051IEG06] . 

Third, to understand (a presentation of) A/ [A, A], we first need to understand F/[F,F] where 
F = h{x,y,r') x T. For this, we use the general (known) Hochschild theory for skew group algebras, 
as follows o 

Proposition 3.2.4. Let A be an associative algebra over a commutative ringh andT a finite group 
acting on A. Assume that k contains (in particular, the characteristic o/k does not divide V). 
For any 7 G V, let T 7 := {7' | 7^7 = 77'} denote the centralizer of 7. Then, for any A-bimodule 
M , one has 

H'(A x T, M) = H'(A, M) r , HH'(Axir)^ H' (A, A~/) r i ; (3.2.5) 

7 representatives of 

the conjugacy classes in V 

H.(A*r,M)^H.(A,M) r , HH,(A x T) = H.(A,A^) Ty . (3.2.6) 

7 representatives of 

the conjugacy classes in V 

Proof. We prove the second result (for Hochschild homology) since we will use that one more 
heavily; the first follows from the co- version of the proof. 
We write 

H.(A x r,M) = Tor (^ op )-(rxr°p) (v4 ^ p M) (3 _ 2 _ 7) 

For any algebra B, let LH B denote the left-derived functor of B — Bimod — > B — Bimod, 
given by M 1— > M/(mb — bm) m £M,beB'- that is, the derived functor which yields the Hochschild 

2 This (known) proposition and proof was explained to the author by P. Etingof 
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homology of B with coefficients in the given i?-bimodule M. Let Ta := {(SiS -1 ) £Tx r op }. By 
Shapiro's lemma, since iredp* r P (^4) = A g) k[r] = ^4xrasaTx r op -module, where A (and M) 
are Ta = T-modules by conjugation, 

Toi (A®A° p MTxr<>p) {A xT)M) = H.(LH A ^ A0P (LH^ r ^ 0P ((A xiT)® M))) 

H.{LH A ® A °"{LH^ T ^{A® M))) = H.{LH^ T ^{LH mA ° v '(A® M))). (3.2.8) 

Now, by assumption on characteristic of k, taking T-coinvariants (or invariants) is exact, so the 
RHS is just 

Tor A®A°p (y4 g, M)r = HH ^ M ) V _ (3.2.9) 
Finally, specializing to M := A x T, we note that 

k[r]= k[r,C]:=0( 7 ), (3.2.10) 

conjugacy classes C 7GC 

and k[r, C] is stable under the k[r]-action (given by the conjugation action of T), so that we just 
end up with the second formula in (|3.2.5I) , □ 

Let us introduce the notation (for a,b G A and 7 G T) 

[o,6] 7 := 0(7 • 6) - ba, (3.2.11) 

where • denotes the action of T on A (so 7 • b = 7&7 -1 S A x T). Then, in the case of degree zero, 
we may rewrite f|3.2.5j) as 

HH (A x r) = ©(A/[44 70 )r 7c , (3.2.12) 
c 

where C ranges over the conjugacy classes of T, 7c G C is a fixed choice of representative for each 
C, and T 7 C r denotes the centralizer of 7 in T. Note that this formula may also be obtained 
directly without using any homological algebra, just the definition HHq(B) := B/[B,B] and the 
decomposition of k[r] into a direct sum of conjugacy classes. However, we will use the above 
formulas later on, and felt it is better to explain the general result. 
We now state our 

Theorem 3.2.13. Let k := Z[± eW] and A = k(x, y, r') /{(xy - yx + r% and let V C SL 2 (k) be 
a finite subgroup, which acts on x and y by the tautological action on {x,y), and fixes r' . 

Then, the space HHq{A x V) has a canonical decomposition along conjugacy classes C ofT, 

HH (A x T) = HH (A x r) c , (3.2.14) 

c 

presented as follows: 

(i) For C 7^ {1} and any choice "yc £ C, one has a presentation Vc —> HHq(A x T)c where Vc 
is the space of Y lc -invariant cyclic polynomials 

a a , tb \z aiM r' ■■■z am)bm r% (3.2.15) 

m>l,a. ,b. 

using the obvious map. (We may interpret Vc as V r ^c , with V from Lemma \3.1.2\ ) 



22 



(ii) For C = {1}, one has a presentation V\/W\ HHq(A x r){i}, where V\ is the direct sum 
of k.[x,y] r and the space of F -invariant cyclic polynomials of the form (|3.2.15|) . and W\ is 
spanned by the T -invariant elements in W of Lemma \3.1.Si part (3) ( A3. 1 ( 13. 1 .6|) ). 

(Hi) The projection W\ — > {{r')®k.[x, y] r ) modulo [((r 1 )) 2 ] is a monomorphism and a C-isomorphism, 
with image 

(0(gcd(a,6)r'®xV» r - (3.2.16) 

(iv) HHq(A x r) is free, but obtains 'L/p-torsion in each degree 2p e for p prime and p \ \Y\ after 
modding by (\(r'Y\)z>\ (which lives in all Vc)- The torsion then appears in V\jW\ and is 
spanned by the image of ^[(xy — yx + r') pl ] under the map HHo(k(x,y,r')) —» HHq(A xi 

r)/(Wfei- 

The analogue of Corollary 13.1.141 is then 

Corollary 3.2.17. Let B be any (graded) k \l\T]- algebra, and let r' € B \ {0} (of degree two) be 
such that (0©li c [r]) r '(0©lk[r]) = r ' ■ Set F' = (k(x, y) xi r)* k j r ] B where k[r] acts on B by inclusion 
into the right summand (so 1 € k[r] does not necessarily act by 1 on B). Let r := xy — yx + r' , 
and set A' := F'/([r)). Then one has isomorphisms 

HHq(A') ^ HH ((k[x,y] x T) * k[r] B)/W, 

where W is as described in Theorem \3.2.13\ (in terms of x,y, and r'). In particular, 

torsion(HH {A')) A torsion(H H (B)) ® (r^). 

p prime,£>l, 

such that (r')P l epB + [B,B] 

The isomorphisms are obtained from F' — » A' by picking a section of (k[x,y] x T) into F' . The 
element r^ is the image of |[r pf ] E HHq(F' * k [ r j B). 

(We omit the proof, which is easy.) This corollary immediately gives us Theorem 11.1.21 for good 
primes: 

Proof of Theorem \1.1.2\ for good primes. We use the fact that Rq\q ,i and HHq(I[q\q o j ) are 
torsion- free (Proposition I4.2.2ip . To prove the result in good primes, it suffices to replace TIq and 

Hq\q j by ILq © k and TIq\q () j <8> k (where k = Z[jpj, e~^] as before). For readability, we make 
this switch of notation for the proof. We then need to show that the torsion is spanned by nonzero 
elements A p > for p\ |T|. 

View k 7 ° ^ fk[T]f subalgebra of k[r]. Then, set B = k[r] * k i TLq\q j , which is a 
k-*Vo © k[r]-algebra. Using the map k <^-> k 7 \ 7 ° sending 1 to l/\/ , we view B as a k © k[r]- 
algebra. (Note that, as a k 7 \ 7 ° © k[r]-bimodule, B is just isomorphic to (k^ © k[r]) © k /\/ e k ^o 
n<g\Q ®kA-ro©k 7 o (k 7 ^ © k[r]), so the star-product did not change B from ILq\q q all that much.) 

Let the element r' € B be given by r' := l/ rg\Q l/ . Now, F' = (k(x,y) x k[r]) * k rri B. By 
definition and the precise version of Morita equivalence from [CBH98] outlined above, we see that 
fF'f ^* Uqj , and that frf = f(xy — yx + r')f maps to the element r of under the isomorphism. 

Then, by the corollary, HHq(Uq = TiQj /([r))) has torsion spanned by the nonzero elements 
r (p ) f or I > 1 and primes p \ \T\. □ 



(3.2.18) 
(3.2.19) 
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Remark 3.2.20. Using the above argument with T = {1}, we obtain Theorem 11.1.21 in the case of 
quivers containing a loop, Aq, for which all primes are good. This only requires Corollary 13.1.141 
and Proposition I4.2,2T| and explains the parenthetical comment after Corollary 13.1.141 

Proof of Theorem \3.2.13[ Specializing (|3.2. 12f) to our case, we have 

HH (A x T) Q)(A/([A,Ar'A] yc + ([z a , b ,x] lc , [z a>b ,y] 7c ) a , b > 1 )) r . (3.2.21) 
c lc 

Next, fix C, and let Ac, A^ 1 G {e 2nik \T\} 

i<fe<|ri be the eigenvalues of 7c (which has determinant 
one). Let us choose an eigenbasis xc,yc of 7c acting on (x,y), which we may obtain using the 
projections ±1 1 Tl (7c — A5 1 ), unless 7c = ±1, in which case we can set xc = x, yc = y- Let us 

assume yc%C = Ac^c and jcVC = A^ yc- Then, [xc, yc] must be a unit multiple of [x, y] = (— r'), 
so we may assume [xc,yc] = \x,y] by rescaling. We then have, for any g S k.(x,y) = k(xc,yc), 

[9, xc] lc = [9, x c] + (Ac - 1)52*7, [9, yc]j C = b> yc] + (A^ 1 - i)gyc- (3.2.22) 

Let us also define z^ b as in (|3.1.3p . but replacing x and y by xc and yc- 

There now remain two steps: (1) to understand (A/ [A, Ar' A] 7c )-p , and (2) to compute the 
needed relations analogous to (|3.1.4p - (|3.1.6p . Both use the C-versions of x,y, and z and 7c- 
commutators. 

We begin with (1), which is the easier step. Since k[T] is semisimple, we may replace coinvariants 
by invariants in (|3.2.2ip . Then, the RHS of (|3, 2.211) is isomorphic to 

(A^/(([A,Ar'A] lc )^) + (([ Za , b ,x] 7c , [z a , b , y] lc )a, b >i) { ~< c) )) r ~< c , (3.2.23) 

where (7c) < T 7C is the cyclic subgroup generated by 7c- Invariants under this subgroup are just 
those polynomials in xc and yc such that the bidegree (o, b) satisfies X c ~ b = 1 (in other words, 
letting |7c| denote the order of 7c, we have |7c| | (a — b)). 

Now, it is not difficult to generalize the argument of Lemma 13.1.21 to show that 

A^/([A,Ar'A] JC )^ (3.2.24) 

is a free graded k-module with basis the elements 

(a) z^ b for a, b > and \ a c ~ b = 1, 

(b) [Zq b r' ■ ■ ■ Za m b T f ], for m > 1 and Oj, b-i > 0, except for those elements of the form 

[f e ], where / has bidegree (a, b) with A c " b ^ 1 (i.e., 70 • / = A c _fe / + f). (3.2.25) 

(2) Since taking invariants under T 7C preserves the property of being torsion-free (it just passes 
to a submodule), by (|3.2.23f) . it remains only to compute the remaining relations ({[z a>b , x] lc , 
[z a ft, y]^ c )o. b>i)^ c \ so that modding (|3.2.24p by these, and taking T 7C -invariants, yields HHq(A x 

r)' 

We claim that 

([ z a,bi x c] 1C i [ z a,b>Vchc)a,b>0 = ([^ 6 , X C ] 1C , [s$ b , X C yc] lc > [VC 1 Vc]) a,b>0 • (3.2.26) 
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This follows from the general formula [f,gh] yc = [/(7c • 9), h] 7c + \hf,g\ lc . 
Thus, we will consider commutators of the form 

[z^ b ,x c ] lc (a > 1), [z^^xcychci^b > 1), [y b c -\yc} yc (b > 1). (3.2.27) 

We would like to eliminate the second commutator above similarly to (|3.1.10p . There are two 
complications: the first is that we are now using 7<7-commutators; the second is that we are 
working in the space of 7c-twisted cyclic words (A^ /([A, Ar' A]^ c )^ c ^). 

Let us assume C 7^ {1}, since otherwise all our work is done in Lemma 13.1.21 For a > b, let us 
consider the equation 

a-b-l 6-1 

[j c (*cyc) b x a c - b - l -\xc] + ^2l(xcycyx a c - b (x c yc) b ~ l -\xcyc} = 0. (3.2.28) 

i=0 i=0 

To turn this into an identity involving the 7c-commutators in ()3.2.27p . we first note the following: 
if / £ A is an eigenvector for the action of 7c (e.g., if / is monomial in xc, yc) with eigenvalue Xq, 
and g G A is arbitrary, then 

[fg,f] = f[g,f] = \cl9,f}f = 4j[gfJ] (mod (\A,Ar'A] lc )^). (3.2.29) 
In particular, for a > b (requiring A^T 6 = 1), we have 

[xh{xcyc) h x a c h - i -\x C ] = >k[£-l,b,*c] (mod ({A,Ar'A] JC )^), (3.2.30) 
{{xcyc) l x a c - b {x c yc) b - l -\xcyc] = [^-x,b-i^cyc] (mod ([A,Ar'A] lc )^). (3.2.31) 

Now, we combine (13.2.221) with (|3.2.28|) . (|3.2.3UI) . (13.2. 31|) to obtain 

\~-\ c ^a-hb^cha + (1 " Ac)< 6 ) + b[zg. 1)b _ 1 ,x c yc] G ([A, Ar'A] 7c )^\ (3.2.32) 
Since A^T 6 = 1 and ([A, Ar'A] lc )^ is saturated in A^°\ this just says that 

[zZ-i,b-i,xcVc]<ro G ([A,Ar'A} yc )^\ (3.2.33) 

It should be possible to verify this explicitly without using (|3.2.28|) . but it seems more difficult. 
Also, we have the following: 

[{x c yc) b -\xcyc] JC =0, [y b c \y c ] 7c = (X c 1 -l)y b c . (3.2.34) 
Thus, we conclude that, for C 7^ {1}, 

{{{Za^ x c] lc A z a^yc]lc)a,b>l) {lc) = ([4U,&3 ^c]<y c > ~ l )Vc) a,b>l;X^ h '=V (3.2.35) 

Also, we easily see that 

[*Z-i,b,xho = ( X c ~ l)z° b (mod ((/))). (3.2.36) 

Finally, note that 1 — Ac is invertible in k, as it is a factor of |7c| (by plugging t = 1 into ), 
which is a factor of |T|. Thus, for C ^ {1}, the projection of the relations (([2 a ,&j ^7 C i [ z a,b, y]-y c ) a,b>i)^ 
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modulo ((r')) gives an isomorphism with ([^ fe ]) a ,fe>o- We thus find that the summand of (|3.2.23|) 
corresponding to C is torsion-free (even if we further mod by {[(r'Y])e>i), and has basis given by 
elements [z^ b r' ■ • • b r'] (part (b) from our list). 

In the case C = {1}, on the other hand, we are back in the situation of Lemma 13.1.21 except 
that we have to take invariants at the end. So we get the summand (V/W) r = V r /W r where 
V, W are given in Lemma 13.1.21 (by construction, W is a k[r]-module in this case). Furthermore, 
the projection of W modulo ((r)) 2 to (& a t,[ r ' z a,b\ is an monomorphism of graded free k-modules 
and a T-morphism, hence gives an embedding of k[r]-modules (which is a C-isomorphism) . Thus, 
the modulo- ((r)) 2 map gives a monomorphism 

W r ^ ((r')®^,/), (3.2.37) 

with image equal to (I3.2,16p . Explicitly, W T can be obtained by the inverse of (13.2.160 by pulling 
back Y, a a,bX a y b € k[x,y] r with gcd(a, b) \ a ajb to E gc d(a*&) W a,b, which must be in W T by the 
isomorphism. 

Since V/W is torsion-free, so is (V/W) r . If we considered instead V/(W + ([{r'Y]}e>i), then 
V/W has a single copy of k/p in each degree p l for p prime and p \ |T|, and I > 1. To conclude 
that (V/W) T has the same torsion, we need only check that each summand of k/p is T-invariant. 
This follows because it is generated by the image of - {r p ] G F/[F,F], which is T-invariant. 

The rest of the theorem follows immediately. □ 



4 Hilbert series, bases, and Theorem 11.1.21 

4.1 Hilbert series and Question 14.1.91 In this subsection, we explain the consequences of 
our results for Hilbert series in positive characteristic, and pose a question (this subsection is not 
needed for the proof of our main results.) 

A main result of |EG06| is a formula for the Hilbert series h(A; t) of certain Z>o-graded algebras 
A := ® m>0 A[m] over semisimple rings R = C which are non-commutative analogues of complete 
intersections, and also for A/L4, A]. For the latter, it turns out to be more natural to describe 
the vector space O(A) := Sym(A/[A, A}) + , where the + means to pass to the augmentation ideal 
(i.e. pass to the subspace spanned by elements of positive degree), needed to end up with finite 
dimension in each graded component. (The reason why O(A) is more natural to describe is because 
it is closely related to the subspace of functions on the representation variety which are invariant 
under change of basis.) 

Here, by Hilbert series for A, we mean a power series in t with coefficients in J-by-I matrices 
with nonnegative entries, i.e. 

h(A;t) := ]T[dim iAf m ,.,: ,1'" C Zg J [[i]]. (4.1.1) 

m>0 

On the other hand, since O(A) is just an Z>o-graded vector space, its Hilbert series h(0(A);t) C 
Z>o[[i]] is just a power series in t with nonnegative coefficients. 

Computing h(0(A);t) is tantamount to computing h(A/[A, A];t): namely, if h(A/[A, A];t) = 
J2 m a mt m , then 

h(Sym(A/[A, A]) + ;t) = ft _ \ . (4.1.2) 

m>l V 7 
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4.1.1 The non-Dynkin, non-extended Dynkin and partial preprojective cases First, 
let us work over the field k = C. Let (Q, J) be any pair where Q is a quiver, J C / is a subset of 
vertices, and either Q is non-Dynkin, non-extended Dynkin, or J ^ 0. One then has the formulas 
[EG06| : 

k(U QJ ; t ) = (l-t.C + t> Mjr \ h(0(UQj);t) _ (^ f ' JT ^ _ - ; ^ (2m ■ ^ 

(4.1.3) 

where C is the adjacency matrix of Q, and 5j0 = 1 if J = and otherwise. 

As noted in jEG06], the above formulas have representation- and number-theoretic interpre- 
tations as follows: Let V = (Q) and let L = (In jrlnj}: thus, Uq = T^iV/^L)). Let L° = 
Lfl [T k /F,T k i v ]. Then, (gXSD expresses as the following formula |EG06| : 

^(n Q>J ; t) = l- h(V; t) + /i(L; t), h{0{Ii Qt j)) = J [] 



1 - h(L°;t) det(l - fc(V; t) + t)) ' 

(4-1.4) 

Since L is a minimal generating bimodule of ((I/)), the first formula above (for h(H;t)) just says 
that IT is a noncommutative complete intersection (NCCI) (cf. Proposition I4.2.2| from [EG06], 
Theorem 3.2.4, which was known, cf., e.g., [Ani82j ). and both formulas above together say that 
IT is an asymptotic representation-complete intersection (asymptotic RCI), by Theorem 3.7.7 and 
Proposition 3.7.1 in |EGQ6| . Note also that, in fact, IT is Koszul (by Theorem 2.3.4 in |EE05| . in 
the NCCI case, Koszul is just the requirement that the relations be quadratic (L C T k /V[2])). 

Furthermore, the expression n m >i i-h(v-t ml )+h(L-t m ) can ^ e v i ewe d as an analogue of the zeta 
function, so (following [EG06J) we define 



m>l 



Finally, the expression 1 — t ■ C + t 2 = t ■ ((j + t) — C), and ( \ + 1) — C is the "^-analogue" of 
the Cartan matrix. Also, 1 _ tx+x , 2 is the generating function for (suitably normalized) Chebyshev 
polynomials <fi of the second type, so that h(TL; t) = 1 + Y^m>i 0m(C)- 

Our main result, Theorem 11.1.21 together with the fact that Uq is torsion- free (which we also 
prove), generalizes the above formulas: 

Proposition 4.1.6. Take any pair (Q,J) where Q is a quiver and J CZ I is a subset of vertices, 
such that either I ^ or Q is non-Dynkin, non-extended Dynkin. Over any field k of characteristic 
p > 0, the Hilbert series ofHQ t j and 0(n.Q t j) are given as follows: 

h(U Q ,j) = (l-t. C + f.l IV )-\ KO(U Q ,j);t) = (nizW^n deta-^.C + ^.l), 

(4.1.7) 

Using the notation £, V, L, L° above, the formulas become 

m ^ )= l-t.k { V,t) + t*. h <L;t) ' WMl'IKWmjl ,,,,^) . (4.1.8) 
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P. Etingof and the author have also done computer tests of some finitely presented algebras over 
Z which are asymptotic RCI over Q, and in most sufficiently random cases, the above formula has 
held. This motivates the following generalization of Theorem 11.1.21 

Question 4.1.9. (P. Etingof and the author) Let A = T z i V/((L)) be a finitely-presented algebra 

(p) 

over %(p\, with L a minimal generating bimodule. Further suppose L is saturated, and A is an 
asymptotic RCI (meaning that the Koszul complex of the representation variety is asymptotically 
exact over Z^). Is it then true that the p-torsion of HHq(A) is isomorphic to a graded ¥ p -vector 

space with basis the elements , for £ > 1 or 0? Here, (rj) is the lift to L of an ¥ p -basis of 

(L ®Fp) n ([T z i V,T z i V] ®F„), and £ > 1 in the case rj £ [T z i V,T%. SV\; otherwise £ > (and 

(p) (p) (p) w 

rM is the image of ^[rj]). Furthermore, there is no p 2 -torsion. 

As before, the elements rj p must generate Z/p-torsion if nonzero; the question asks whether 
these are always nonzero in good primes (where the algebra is an asymptotic RCI), and that they 
span the torsion (there is no higher (Z/p 2 ) torsion for any good prime p). 

4.1.2 The extended Dynkin case The formula for /i(ilQ j) above still holds when Q is extended 
Dynkin and J = 0, but the second must be modified (since TIq is still an NCCI but no longer an 
asymptotic RCI). 

Suppose that io G I is an extending vertex of Q, i.e., removing %q and its incident edges leaves 
one with the corresponding Dynkin quiver. Over k = C one has the following isomorphisms of 
graded vector spaces: 

{HH°(n) ® k) ^> (i m ®k)A (HH {U) + $ k) © k[0], (4.1.10) 

where the first map is given by the projection x \— > ioxio, and the second is by restriction of the 
obvious projection II + -» HH (TT) + , together with (z II[0]io <8> k) = k[0]. The first isomorphism 
follows from the Morita equivalence; the second was first proved in |MOV06 ] . Note that the above 

also generalizes to the case of k = Z[|py, e l r l ] or fields in good characteristic containing |T|-th roots 
of unity, by the Morita equivalence (cf. Section 13. 2p . We also may deduce the case k = Q from the 
above, since C is flat over Q. 

Using the second isomorphism of (I4.1.10p . we obtain the following formula: 

h(0(U) ® <Q>; t) = /i(Sym (i Ui Q)+; t) = J] _ 1 , (4.1.11) 

where 

1 + £ a m t m = h(i m ;t) = { 1 _ t .c + t2 . 1 ) ioiQ = 0(C) ioio . (4.1.12) 

m>l 

Here, j j denotes the entry of the matrix in the io,io component. There is a general formula for 
NCCI algebras |EG06j : 

h{0(A);t) = h(Sym HH 2 (A);t) ■ C(V,L;t). (4.1.13) 
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Setting this equal to (|4.1.1ip in our case yields the following curious identity from [EG06J, of which 
we will provide a new, direct proof: 



n l - 



n 



. (i _ £mWC)oo 1 - t 2 11 det(l - t m ■ C + t 2m ■ 1) ' 

1 v ' m>l ' 



(4.1.14) 



where <p m := (j) m — 4> m -2 is the m-th Chebyshev polynomial of the first type. Specifically, we show 
iqUqIo = HHq(Uq), compute the Hilbert series of the former using bases, and compare it with the 
determinant of the i-analogue of the Cartan matrix. The fact that it equals the LHS (i.e., that the 
first formula of (|4.1.4|) holds, or that II is an NCCI) could also be verified using our results, but 
is easier to do as in [EE05], using the McKay correspondence and the fact that IIq is torsion- free 
(which our bases easily imply). 

From Theorem 14.2.601 we deduce the following generalization to arbitrary characteristic: 

Proposition 4.1.15. Let Q be any extended Dynkin quiver, and k any field of characteristic p > 0. 
Then one has the following formulas: 



h(U Q ) = (l-t-C + t 2 -1 



</>(C), h(0(U Q );t) = hT(Q)<(>{C) 



■krk) Y\ (l — f" 
m>l v 



)a n 



(4.1.16) 



hT(Q) = < 



I n — 2 I 

n L— J i 

llm=l l-t 4m ' 



1-f 4 



(l-t 4 )(l-t 8 )(l-t 16 ) ' 

1 

(l-t 4 )(l-i»)(l-i lli )(l-t 2 »)' 
1 

l 

(l-t^Xi-i 18 )' 
1, 



if p = 2 and Q = D n , 
if p = 2 and Q = Eq, 
if p = 2 and Q = Ej, 
if p = 2 and Q = E$, 
if p = 3 and Q G {E 6 , E-j}, 
if p = 3 and Q = E$, 
if p = 5 and Q = E$, 
otherwise. 



(4.1.17) 



Here and elsewhere, we use the abuse of notation that Q = some Dynkin or extended Dynkin 
quiver if, when orientations are discarded, one obtains the corresponding quiver (in other words, Q 
is given by choosing an orientation on each edge of the Dynkin or extended Dynkin quiver). 

Note that the torsion of HHq(ILq) in the extended Dynkin case only appears in what we call 
"stably bad primes": 2 for D n , 2,3 for Eq and £7, and 2,3,5 for Es (this was observed also in 
[MOV06] where they were called merely "bad primes"). We will see that the same is true in the 
Dynkin case. These primes are a subset of what we call "bad primes" : primes dividing the order 
of the group T C SX2(C) associated to the quiver under the McKay correspondence. We use the 
term "stably bad" because, for A n and D n , they consist of those primes that are bad independent 
of n. 



4.1.3 The Dynkin case In the case that Q is Dynkin and J = 0, the formula for /i(Hq; t) is no 
longer valid: instead, h(UQ]t) records the dimensions of irreducible representations of Q (because 
IIq <S> C is a direct sum off one copy of each). One may easily show that IIq is torsion- free using 
Grobner bases. 

Furthermore, as is proved in |MOV06| . HH (U Q <S> Q) = 0, and in fact HH (U Q ® ¥ p ) = if p 
is not a stably bad prime. By Theorem 14.2.601 we may compute the Hilbert series over any field: 
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Proposition 4.1.18. Let Q be a Dynkin quiver. Then 7i(0(IIq); i) = hT{Q), given in (|4.1.17|) 

(for Q = the extended Dynkin quiver associated to Q). 

4.2 Bases and proof of Theorem 11.1.21 We begin with a description of a basis of Uq and 
HHq(Hq) for any non-Dynkin, non-extended Dynkin quiver, in terms of any basis of the extended 
Dynkin quiver. Then, we produce bases for Hq for extended Dynkin and Dynkin Q in the A,D, 
and E cases separately. Finally, we describe bases of HHq(Uq) in the Dynkin and extended Dynkin 
cases. 

A basic principle is the following, which gives an interpretation of NCCI for finitely presented 
algebras: 

Proposition 4.2.1. Let R = k 7 for any field k, let V be a finitely- generated, free, Ij + -graded (by 
"weight") R-bimodule, and let L C TrV be a finitely-generated, homogeneous (with respect to total 
degree), positive-weight R-subbimodule, which is a minimal generating R-subbimodule of ((L)). Let 
A = TrV/((L)). The following are equivalent: 

1. A is an NCCI. 

2. Taking associated graded with respect to the filtration by powers of ((L)) ("L -degree"), one 
obtains a weight-graded R-bimodule isomorphism TrV = A *r TrL. 

3. For any graded R-bimodule section A <^-» TrV , one obtains an isomorphism A*rTrL ^> TrV . 

Before we prove this, we first recall from [EG06J (Theorem 3.2.4, which was known from, e.g., 
[Ani82j) the following characterizations of NCCI (the first of which is (|4,1.4p discussed earlier): 

Proposition 4.2.2. [Ani82], cf. IEG06\/ The following are equivalent: 

1. A is an NCCI (= ((L))/((L)) 2 is a projective TrV -bimodule) ; 

2. h(A- t) = (l- h(V; t) + h(L; t))- 1 ; 

3. The following sequence is exact ("the Koszul resolution"): 

0^L®A^V®A^A^>R^0, (4.2.3) 
where the second map is given by restriction of the map 

T R V®A^V®A, (vi---v n )®a^vx®{v 2 ---v n a), (4.2.4) 
and the third map is given by multiplication; 
4- The following sequence is exact ("Anick's resolution," [Ani86]): 

0^A®L®A^A®V®A^A®A^>A^0, (4.2.5) 
where the second map is given by restriction of the map 

n 

A <g> TrV <g> A -> A, a®(vi---v n )®b^^2(avi---Vi-i)®Vi®(v i+ i---v n b), (4.2.6) 

i=l 

and the third map is given by 

a (g> v (8) b i— ► av b — a (8) vb. (4.2.7) 
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It is actually very easy to prove the equivalence of parts (2), (3), and (4): this is just the 
Euler-Poincare principle (the alternating sum of Hilbert series of an exact sequence is zero). 

Proof of Proposition \4-2.1\ It is clear that parts (2) and (3) are equivalent since k is a field (this 
would also follow more generally if A is a free k-module) . We show that (2) is equivalent to exactness 
of (14. 2. 3D ((3) of Proposition 14.2.21) . It is easy to see that exactness is equivalent to injectivity of 
L (g) A — > V (8> A (by definition of A). The latter is equivalent to the following formula in TrV: 

(L <g> T R V) n (V ® ((£))) = L ® ((£)). (4.2.8) 

This last equation obviously follows from (2) or (3). Conversely we may proceed by induction 
on L-degree. As the base case, it is clear that A = gr TnV. Then, (|4.2.8j) shows that, in each 
component of the associated graded of TrV with respect to powers of ((L)), L(A*rTrL) is linearly 
independent with A + L(A *r TrL). Then, by induction, we obtain the desired result provided that 
the multiplication L <g> ((L)) — > ((L)) C TrV is injective. This follows from minimality of L. □ 

Note that there is a simple alternative proof using the formula (Lemma 2.2.5 of [EE05] ) : 

h(A) = -^—,h(B) = -^—^h(A* R B) = - -, ifa,PetZ[[t]]®End(R), (4.2.9) 

1 — a 1 — p 1 — a — p 

to show that <^ of Proposition EQTLl is equivalent to © of Proposition KT2[ (Note that ((QUI) 
is just TrV *r TrW = Tr(V © W) in the case that a, (5 are positive, or for arbitrary a, (3 if one 
allows V and W to be graded super-vector spaces.) We preferred a proof using tensors rather than 
Hilbert series. 

We do not actually need to say much about NCCI in general, but we mention these to explain 
the meaning of conditions (2), (3) of Proposition 14,2. IT which we will use heavily. Also, we will use 
Anick's resolution (|4,2.5p later (to study higher Hochschild (co)homology: Section [TO]) . 

Proposition 14. 2 . 1~1 easily implies the following analogue of Lemma 5.1.1 of [EG06J (which was for 
RCI algebras): 

Proposition 4.2.10. (i) Let A,B be R-algebras. Then, A *r B is an NCCI iff A and B are 
NCCIs. More generally, suppose we have a sequence 



B 1 



B ' 



C 



A 



gv 



A* R B 



A 



(4.2.11) 



of graded R-algebra morphisms except for the middle vertical arrow, which is an isomorphism 
of graded R-bimodules (but not an algebra homomorphism) . Suppose that C is generated as an 
algebra by an (any) graded R-bimodule section A C C of A, and that the middle vertical arrow 
is obtained by taking associated graded with respect to the descending filtration generated by 
the grading on B and by \A \ {0}| = 0. Then, A*r B is an NCCI iff A and B are. 

(ii) Assume L D V are finitely- generated bimodules, which minimally generate the ideals ([L)), ((L')). 
If T R V I {{L)) is an NCCI, then T R V/{{L')) is an NCCI. 



31 



Proof, (i) Set A = T R V/((L]) and B = T R W/((L')) for minimal, finitely-generated L, L', so that 
A * R B = T R (V W)/((L, L% and C = T R (V W)/((L', L)) for some L mapping isomorphically 
to L under the projection to T R V. The result then follows immediately from (2) of Proposition 
H2ZD 

(ii) Assume T R V/ ((-L)) is NCCI. Then, we have 

T R V T R V/((L)) * R T R L (4.2.12) 

as graded i?-bimodules (considering some section T R V/ ((L)) <—* T R V). Modding by ((£'))> we obtain 

T R V/ ((-£/)) = T R V/((L)) * R (T R L/((L'))), (4.2.13) 

By part (i), we may conclude the desired result if T R L/((L')) is an NCCI. But, this is obvious since 
V C L is just a subbimodule. □ 

More generally, part (ii) of Proposition I4.2.TU1 shows that, for any NCCI T R V/((L)) (with L 
minimal and finitely-generated), if L' C T R L, then letting V be the image of V in T R V, one has 
that T R V/((L')) is an NCCI iff T R L/((L')) is an NCCI. 

Now, we note that all of the above results also hold for k = Z, dealing with free Z-modules 
(since the definition, in Proposition 14.2.21 (i). of an NCCI includes being a free Z-module). Then, 
Hilbert series is computed for free Z-modules by tensoring with Q. 

We then deduce the following important result (needed for writing bases), now with R = X, 1 : 

Corollary 4.2.14. (i) I/Uq j is an NCCI and J C J' , then Hq,j> is an NCCI, and 

Kq,J' = n Q ,j * R T R (lj, v rlj, v ), (4.2.15) 

by taking associated graded with respect to powers of the ideal ((lji\jrljr\j)). One also has 
an isomorphism by choosing any graded R-bimodule section Hq^j T1qj> ; 

(ii) If Q = Q\ U Q2 is the disjoint union of two quivers on the same vertex set I, and Iq <Z I is 
the set of vertices incident to edges from both Q\ and Q2, then ifHQ lt j is an NCCI, one has 

U Q) j^U Qu j* r II Q2> j uIo , (4.2.16) 

by taking associated graded with respect to the filtration by powers of the ideal (((Q2)))- Simi- 
larly, one has 

nQ,j^n Ql)J * fl nQ 2jJU/o (4.2.17) 

by picking any weight-graded R-bimodule section Hq 1 j C IIq j of the quotient, and using the 
composition Uq 2 j uIo ^ Uqjui -» ^Q,J °f obvious maps. 

(in) In the situation of (ii), Hqj is an NCCI iff^Q 2 .Julo * s an NCCI. 

Proof, (i) Let V = (Q). We have 

TrV = Uq,j *r T R (l Iv rl IV ) = (JLq,j * r T R {lj, v rlj, v )) * R (l AJ ,rl /y ,). (4.2.18) 

If we mod by T R lj\j/rlj\ji , we obtain (|4.2,15p . which together with (|4.2. 18|) proves the desired 
result. 
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(ii) We have 

nQ,ju/o — IIq^ju/o *R nQ 2 ,Ju/ - (4.2.19) 
Now, let V\ = (Qi) and V2 = {Qz)- By hypothesis and (|4.2.15p . we may rewrite (|4.2. 19|) as 

nQ,ju/ = n QljJ * R T R (l Io \jr Ql l lQ \j) * R Uq 2 j uIo . (4.2.20) 

Now, modd ing by ((l Io \jr Q 1 j \ j)) , we replace all instances of l Io \jr Ql l Io \j with -l Io \jr Q2 l Io \j, 
and obtain (|4.2.16j) . 

(iii) This follows from (j4.2.16|) and Proposition I42J0J (i) . □ 

The corollary implies the inductive result used in [EE05] to show that non-Dynkin quivers or 
partial preprojective algebras with at least one white vertex are Koszul: that is, it allows one to 
reduce to the case of extended Dynkin quivers and star-shaped quivers whose special vertex is white 
and whose branches are of unit length. 

4.2.1 Bases of Hq and HHq(IIq) for non-Dynkin, non-extended Dynkin quivers, and 
for partial preprojective algebras; proof that 7^ From now on, we will set k = Z. As 

before, R = k^. We begin with the case of partial preprojective algebras: 

Proposition 4.2.21. Take any quiver Q on vertex set I, together with a nonempty subset of white 
vertices, J C I. Let G C Q be a forest such that the map G I, ene s (the source vertex) yields 
a bisection G —> I \ J. Then, a free Z-basis ofUQ t j is given by monomials in the edges Q that do 
not contain a subword ee* for any e G G. In particular, Hq,j is an NCCI. 

Furthermore, Aq^j is a free Z-module with basis given by cyclic words not containing ee* for 
any e G G. 

Proof. A forest satisfying the given condition can be constructed inductively as follows: To begin, 
for every vertex m I \ J which is adjacent to J, add an edge to G with source at that vertex and 
target in J. Inductively, for each vertex of I \ J which is not incident to G, but is adjacent to 
a vertex which is incident to G, add an edge with source at that vertex and target at a vertex 
incident to G. When the process is completed, one clearly arrives at a forest satisfying the desired 
condition. 

The first result follows immediately from the Diamond Lemma (Propositions IA.0,28IfA.0,30P if 
we let the partial order on monomials be given by the number of undesirable subwords ee* that 
appear. To see that Hqj is an NCCI, we show (2) of Proposition 14.2.11 To do this, we adjoin 
generators ri{= iri) for alH G I\J, and apply the Diamond Lemma to reduce any path to a unique 
sum of monomials in Q and the r% not containing ee* for any e G G. 

For the final result, we note that one may still use the Diamond Lemma for Aq 7 j because the 
maximum number of swaps ee* 1— > e*e for e G G that may be performed in a cyclic word is still 
finite, since e G G cannot be a loop. This follows reverse-inductively on the distance of an edge e 
from J, using that this distance is bounded. □ 

The fact that IIq^ is an NCCI was first shown in |EE05] using Hilbert series, and in [EG06J, 
ITq j was further shown to be a RCI. Note that the fact that Aqj is torsion-free over Z is new. 

As an application of the proposition, by comparing the above basis and the formula (|4.1.4p 
for h(0(n.Q t j);t) in the asymptotic RCI case (a special case of RCI), one obtains a formula for 
computing the number of cyclic words in letters Xi,yi, Zj not containing Xiyi for any i. Conversely, if 
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one could work out such a formula purely combinatorially (and generalize to quivers with multiple 
vertices), it would give a new proof that IIq^ is asymptotic RCI. 
To handle the case where there are no white vertices, we need the 

Proposition 4.2.22. [EE05] The algebra Hq is an NCCI over7L if Q is non-Dynkin (in particular, 
it is torsion- free). 

Proof. By Corollary 14,2.141 (and the comments afterward), and Proposition I4.2.2T1 one may reduce 
to the case that Q is extended Dynkin. For the extended Dynkin case, the easiest proof is to use 
our bases to show that Uq is torsion free; then, after tensoring with C, one may use the Morita 
equivalence of Uq with C[x,y] x V from Section 13.21 Alternatively, one could deduce the NCCI 
property from our computation of bases with some effort (this is only a challenge in the E n cases: 
the easiest way to do it is to compute Grobner bases of Uq over instead of for i s TlQi s over Z. 
This is easy to do with MAGMA or even by hand, but the result takes more space to describe, so 
we did not include it here.) □ 

For any non-Dynkin, non-extended Dynkin quiver Q with vertex set /, it is well-known (and 
easy to check) that Q ~D Qo f° r some extended Dynkin quiver Qo with vertex set Iq. The results of 
the previous section then allow us to write 

n Q = fi Qo * R n Q \ QlhIo , (4.2.23) 

where IIq is an arbitrary graded i?-bimodule section of Uq -» IIq , and Rq\q ,i embeds canoni- 
cally into Uq via the sequence Hq\q ,i ^ ^Q,I -» n Q. 

Notation 4.2.24. In general, if Q D Q Q where Qo is extended Dynkin, then we will fix a graded 
i?-bimodule section Hq C IIq of Uq -» IIq , which exists because IIq is torsion-free. Then, for 
any subspace U C IIq , we denote its image under the section by U. 

Now, we proceed to one of our main goals: a description of Aq when Q is non-Dynkin and 
non-extended Dynkin. We begin with the 

Proposition 4.2.25. Let Q 2 Qo where Qo is non-Dynkin. Let V := Hq/[(((Q \ Qo))),Hq]. Let 
B be the algebra B := T R ((U Qo ) + ® R (IIq\q 0jJo ) + ). We have 

v ^ n Qo e (b/[b, B})+ e a QV3oj/o , (4.2.26) 

as 7L-modules, where the map is given by taking the associated graded with respect to the 
filtration by powers of the ideal ((Q \ Qo))- (Note that B/[B,B] has a basis of "alternating 
cyclic words in (U Qo)+ and (U Q \ Qo j ) + 7 '.) 

(ii) We have Aq = V/W where W is the image in V of [IIq , (Qo)] + [IIq , R], using Notation 
(Hi) Let V := V/[Uq ,R] ^ ® i&I iVi, and let fl Qo = ® i€l in Qo i. Then 

v - n Qo e (b/[b, B})+ e a QWoj/o , (4.2.27) 

Aq ^ V/W, where W is the image of [fl Qo , (Qo~)] n IIq. (4.2.28) 
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Proof. The first part follows from (|4.2.23p and its proof, together with the Diamond Lemma argu- 
ment from Lemma 13.1.21 (121), The second part follows from the observation (cf. Lemma l3,1.21 (|3~|)) 
that [IIq,IIq] = [Hq(Q \ Qo}Uq,Uq] + [n^-, (Qo)]- The third part follows readily from the sec- 
ond. □ 

Now, we describe the space W away from bad primes: 

Proposition 4.2.29. Let Q 2 Qo where Qo is extended Dynkin, corresponding to the group T C 
SX2OC). Let us work overZfi]. Let Wq ClW be any section of [IIq,IIq] under the composition of 
(|4.2.26p with the projection to the first factor. Let V := V/Wq and W := W/Wq. Then, we have 

(1) h(W';t) =t 2 ■ h(HH°(U Qo ) + ;t) = t 2 ■ h((i U Qo i ) + ;t). 

(ii) The composition W > V -» ^'/[(( r )) 2 ] * s infective, giving an isomorphism 
® m >o(lrHH°(n Qo ) + }}, using Notation \]T2M 

Proof. This follows from Theorem I3,2.131 (iii) and the partial proof of Theorem 11.1.21 contained 

2iri 

there, if one passes to k := Z[^y,e l r l ], using the projection k[x,y] x T -» f(k[x,y] x T)f = Hq . 

1 — 1 
Since Z[jpy, e |r| ] is flat over k = Z[mr], the result must already have been true over the latter. □ 



To prove Theorem I1.1.2I in full generality, we generalize it and the above result by an analysis 
in each prime p using p-th powers, as follows. 

Let us define W := W n [((r'))j. Let W' p C V ® ¥ p be the image of the map W ® F p -> V ® ¥ p 
induced by inclusion. Then, for any [w] € W p , we may consider [w] p = [w p ] G (V n [((r'))]) <S>F p . 
We have that [w] p \— ► £ HHq(Hq), since the same is true for [w]. Hence, [w] p E W' p as well. This 
observation allows us to state the following theorem, which will be proved in Section [8l and refines 
the main Theorem II. 1 .21 

Theorem 4.2.30. Let us work over Z^ for some prime p. Let Qo be any extended Dynkin quiver 
and Q D Qq. Define W CV as in Proposition \4-2.25 , Then, W has the form 

W = W © W, (4.2.31) 

where W' = W n [((r'))], Wo is a section of [Hq ,Hq ], satisfying: 

(i) Wo<S>Z( p ) is saturated except in the cases that (Qo,p) € {{D n , 2), (E n , 2), (E n , 3), E$, 5)} ; when 
Wo = Wo, s © Wo t r with Wo )S ® Z( p ) saturated, and Wo, r has finite rank and will be described 
in (Hi). 

(ii) W' = W' s © W' r , where W' s ® Z( p ) is saturated (see (iv)) and W' r will be described in (Hi). 
(Hi) W r := Wor © Wj. has a basis of elements {fe},£ > 1, with \ fi\ = 2p , satisfying 

ord p (f e )=p, -f e+1 ^(-f e ) p (modp), (4.2.32) 
p p 

where ord p denotes the greatest power of p dividing the argument. The Hilbert series ofWo >r 
is the same as the span of the nonzero elements r^ p ) in HHo(Hq ) (cf. Theorem \4-2. 60 ). 
Furthermore, the image of ^fi in Aq (g> Z^ is A pC \ 
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(iv) The space W' s has a basis of elements {gi/} as follows: 

g i/+1 =gl (modp) (4.2.33) 

and the g^Q span a subspace which projects isomorphically mod [((r')) 2 ] + ((p)) to [r'U p ], 
where U p C HH°(Uq ) ®W p is a certain subspace with Hilbert series h(HH°(n.Q ) + ;t) — 
t 2p ~ 2 h(HH (HQ );t p ) +C p (t), where C p (t) = unless HHq(Hq ) has p-torsion, in which 
case, letting m be the smallest positive integer such that r( pm ) is zero in HHq(Hq ), 

t 2 Cp[t) = t 2 P _ t 2 P - + [eIIJ" 1 * 4(M+1) " ^ ifp = 2 and Qq = Dn , 

[t 28 -t 56 , ifp = 2 andQ = E 8 . 

(4.2.34) 

In particular, ioU p io contains the image of the Poisson bracket {, } : (io^-Q io ® F p )® 2 
(i U Qo i ) <S)¥ P over ¥ p . 

Here, the Poisson algebra ioIlQ io ®F p will be defined in Section [5j it is an analogue of C[x, y] r 
(and, if p is a good prime, then ioTlQ io (g) ¥ p = ¥ p [x,y] r by Theorem I9.1.1|) . For good primes, 
the above theorem (except for the statement about Poisson bracket) is not difficult to deduce from 
Theorem EXT31 

Theorem 11.1.21 immediately follows from Theorem 14,2.301 since we deduce that the torsion of 
HHq(Hq) for Q 2 Qo is at most Z/p in each degree 2p e , and this is spanned by A p \ 

Proposition 14.2.291 (together with Propositions 14.2.251 and 14.2. 2ip gives us explicit Q-bases of 

Proposition 4.2.35. For any non-Dynkin, non- extended Dynkin quiver Q, aQ-basis for HHq(Uq® 
Q) is given as follows, depending on a choice of extended Dynkin subquiver Qq C Q on vertices 
Iq £ I, and a fixed vertex i' G Iq adjacent to an edge of Q\ Qq: 

1. A basis of ioIlQ io (g> Q = HHq(J1q ®Q) (given in Theorems \4.2.40[ (iii) and \4.2.JSj (i), and 
Proposition (j4.2.55|) . (ii)): 

2. Alternating cyclic words in a basis of (Hq )_|_ (given by the aforementioned theorems and 
proposition) and a basis of (TLq\q j )+ (given by Proposition \4-2.21 ) such that 

(a) there is at least one basis element of each of (Uq )+ and (T1q\q q j ) + included, and 

(b) the source and target vertices of the basis elements match up (to give a nonzero product), 

excluding elements of the form [i'e*en] for e £ G and n € HH°(Hq ), where G C Q \ Qo is 
the forest chosen in Proposition \4.2.21\ (so e must be the unique edge of G adjacent to i'); 



3. A basis of HHq(I1q\q j (8>Q), given in Proposition ^ -2. 21 



Theorem 14.2.301 then gives explicit F p -bases of Aq <g)F p : 

Proposition 4.2.36. For any non-Dynkin, non- extended Dynkin quiver Q, a IF ' p -basis for H Hq(T1q& 
W p ) is given as follows, depending on a choice of extended Dynkin subquiver Qo C Q on vertices 
Io C I and a fixed vertex i! G Iq adjacent to an edge of Q\Qo ■ 
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1. A basis of iqIIq^q ®F 



v 



2. alternating cyclic words in a basis of (IIq )+ and a basis of (IIq\q j )+ satisfying (a) and 
(b) in Proposition \4-2. 35 , excluding elements of the form \i' {e* eir) p ] where e G G and 



tt € Up C IIq (using Notation \4-2.24\ with U p defined in Theorem \4-2.30 , which we assume 
is compatible with the chosen basis); 



3. A basis ofHH (U Q \ Qo j ®¥ 



pi 



In the next two subsections, we describe a basis of IIq for extended Dynkin quivers (Theorems 
14.2.401 and 14.2.481 and Proposition I4.2.55|) , which is all that remains to obtain bases for IIq for all 
non-Dynkin quivers, and for HHq{J1q) ® Q using Proposition 14.2.291 We also explicitly describe 
W in the cases Qo £ {A n ,D n }, which furnishes simple Z-bases of HHq(JIq) for all non-Dynkin, 
non-extended Dynkin quivers which are not stars with three branches (Theorems 14. 2 .401 and |472.48|) . 

In the final subsection, we compute bases and the abstract structure of HHq(TIq) for Dynkin 
and extended Dynkin Q (Theorem 14.2.60] ). 

We remark that, using just what we know at this point (without requiring the proofs we have 
postponed) , it is easy to give a proof of one direction of Theorem 11.1.21 that the elements are 
nonzero (we will not need this for the proof of the theorem) : 

Proposition 4.2.37. For any non-Dynkin, non-extended Dynkin quiver Q, any prime p > and 
any £>l, the element M"> 6 HH (U Q ) is nonzero. 

Proof. For any quiver Qo, we may perform the same procedure as in Proposition 14.2.251 to obtain a 
basis of A' := i^(r{) i6 j /(j[iri + rO) ieIo = % (thought of as IIq for Q = (q3 J(J)00 ). First, flfflj) 
becomes A' = Hq * k / (r.) where we view r\ as k 7 °-modules by jr'J' = b^iyr^. Let r' := Yl,i r 'i- 
Then, Proposition 14.2.251 presents Va 1 ■= A' /[A' , A'r'A'] as the space IIq © alternating cyclic words 
in a basis of IIq and (r') , £ > 1. We may also compute the relations Wa 1 as in the proposition. 
For any quiver Q D Qq, we have a canonical map A' — > IIq which induces maps Va' — * Vq and 
Wa> — * Wq. It is easy to see that Wa> -» Wq is a surjection, since the relations are spanned by 
commutators [ilQ ,IlQ ], which can be taken in A'. 

On the other hand, by Proposition 14.2.291 the rank of Wq (which is free) does not depend 
on the choice of Q, but only on Qo (provided Q 2 Qo)- Also, if Q' 2 Qo is the quiver obtained 
from Qo by adjoining a loop to each vertex in Iq, then the map Va 1 — * Vq> has kernel equal 
to ([{r'Y]}i>i. By Proposition I4.2.2UI this shows that the map Wa< — ► Wqi has kernel equal to 
([r']) (no higher powers of r' live in the space of relations by Theorem I3.2.131 (iii)). So, we obtain 
an isomorphism Wa> / {[{?')]) —> Wqi. Since Wq,Wqi have the same Hilbert series, one also must 
obtain an isomorphism W^4//([(r')]) ^ Wq. Finally, the kernel of Va' Vq contains the kernel of 
Va> — > Vqi, since [(r') e ] is zero in Vq. 

Hence, in each graded degree m, one obtains an isomorphism Wqi [m] A Wq [m] , and a monomor- 
phism of their saturations, Sat(WQi[m\) Sat(WQ[m]). In particular, if we lift the element r& ) in 
any way to Vqi, it lies in Sat(WQi[m])\WQi[m], and hence any lift to Vq also has this property. □ 

4.2.2 Bases of IIq for type A and D quivers and the remainder of Theorem 11.1.21 In 

this section, we prove Theorem ll.l.2l in the case of quivers properly containing an extended Dynkin 
quiver of type A or D (i.e., quivers which are not star-shaped with three branches). The resulting 
Theorems 14.2.40 1 and !4.2.48l also provide Z-bases for II for these quivers and for the extended Dynkin 
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quivers A n ,D n . We also briefly explain how to deduce from this Z-bases of II in the Dynkin case. 
We postpone computing HHq(TL) in the Dynkin and extended Dynkin cases until Theorem 14.2.601 
(at least in the .D-cases). 

We begin with the case Q = A„_i. Let us define the following: 

e is counter-clockwise-oriented e is clockwise-oriented 

Let the vertex set / be given the natural structure of a Z/nZ-torsor, where adding one means 
moving once counter-clockwise. Finally, we assume that Qq has counter-clockwise orientation: 




Figure 1: Qq = A n _i with the preferred orientation 

Remark 4.2.39. This last assumption on orientation is not essential: if we don't assume it, we write 
r = Yliel i{^ slX y^ i y x + r ') f° r some choices of signs ±, where r' is still given by r' = SeeQ\Q [ e > e *l" 
With the above orientation, one has the same formula r = xy — yx + r' as in Lemma 13.1.21 The 
only part of the Theorem below that changes in the general case is the formula for Wq ((iv),(v)), 
which only changes by signs. 

We then have the 

Theorem 4.2.40. Let Qq = A n ^\ with the above notation and orientation. 

(i) For any i,j € /, a basis of iHQ j is given by ix a y b j for (a — b) = (j — i) (mod n). 

(ii) A basis of iTLQ j is also given by the nonzero elements iz a bj (|3.1.3p . which are equal to the 
ix a y b j above. 

(Hi) HHq(ILq ) is afreet-module with basis given, for any fixed iq S I, by the elements [iQX a y b ] = 
[io z a,b] for a, b > and n \ (b — a). 

(iv) A basis of HH°(Hq ) is given by z a ^ for a,b > and n \ (b — a). 

(v) For any Q ^ Qq, and any fixed vertex io £ Iq, the W of Proposition \4-2.2l)[ (ii) has the form 
W = W'(BWq, where Wq is any section of \YIq,Hq] under (|4.2.26|) . and W is a free Z-module 
with basis the elements W a j, given by (|3.1.4p - (|3.1.6p . As in the case of Lemma \3.1.2l W a j, is 
a "L-generator of the space (\iz a _i£, x], [iz a ,b-i, y])iei- 
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(vi) The elements W a ,b, for (a,b) ^ {p e ,p e ), span a saturated subspace ofW. The order ofW p e^ p e 
(modulo the other W a ,b ° r otherwise) is p. 

(vii) The image of p-W p i p e in HHq(Hq) is nonzero, equal to and these elements span the 
torsion of HHq(I[q). 

Parts (i)-(iv) are easy and left to the reader. The remainder of the theorem will be proved in 
Section [6J As a corollary, one deduces Theorem 11.1.21 in this case, and moreover easily obtains a 
Z-basis of HHq(JIq) (i.e., a basis of the free part and F p -bases of all of the p-torsion for all p). 
Also, note that Conjecture [T7TTT] is a special case of n = 1 (the case of quivers with one vertex). 

Note that one way to obtain bases for II^4 n , where A n is the Dynkin quiver, is by discarding 
the elements of the above basis for 11^ which are zero under the quotient 11^ — ► n^: these are 
elements that either pass through the extending vertex i$ (which is cut from A n to obtain A n ) or 
can be made to pass through this vertex by unfolding a power of xy. This is true because, for each 
i,j £ I and m > 1, there is at most one basis element in zll^ j[m] above that projects to a nonzero 
element of ilT^jfm]. 

Next, we describe the D cases. Let Qo = D n . We will need the following notation. Suppose 
that Qo is drawn and oriented as follows: 



6ooo0 *E> 



Figure 2: Qq = D n with the preferred orientation 

As in the figure, we let %lu ^LD^ru ^rd denote the four external vertices (L, R, U, D stand for 
"left, right, up, down", respectively). Furthermore, we set ii := i^y + iyo and Ir '■= iru + iRD, 
the sum of the leftmost and rightmost external vertices. We then define 

l in := Y, *■ ( 42 - 41 ) 

i internal 

the sum of internal vertices. 
Next, we define 

R:= Yl e, L:= £ e. (4.2.42) 

eGQo|e is oriented rightward eGQo|e is oriented leftward 

Here, R and L should be thought of as similar to x and y in the A n _\ case, but there are some 
differences. The choice of orientation above is not essential: Remark 14.2.391 applies equally well in 
this case, replacing x by R and y by L (and now only changing the formulas in part (ii) of Theorem 
14.2.481 bv signs). 
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We will consider a slightly larger set of paths, called "generalized paths," GP C Pq^ (we will 
also use the term for the image of such paths in Hq or Hq) as follows: Elements of GP[m] are 
products of the form 

HX1I2X2 ■ ■ ■ i m X m eIU{i L ,i R }, Xj G {L, R}. (4.2.43) 

In other words, we allow products of not just edges, but also the sums of two external edges 
which are pointed in the same left-right direction. Generalized paths have well-defined "generalized 
endpoints" , which means either a vertex of / or one of the elements iL,iR (the sum of the two left 
or right endpoints). In (|4.2.43jl these are given by i\ and i m +i- 

It will be convenient to define U F," for "forward," as follows: if Y is any generalized path, then 

{YR, if Y = Yil or Y = Y'Ri where % G I is internal and Y' G GP, 
YL, if Y = Yi R or Y = Y'Li where % G I is internal and Y' £GP. 

A priori, in order for symbols F to become elements of Pq^, they must be multiplied on the 
left by a generalized path Y. It is easy to check, however, that one obtains a well-defined product 
(Pq^) + x {F} — ► Pq^ by linearity (i.e., it is enough to multiply on the left by any positively-graded 
element of the path algebra). 

It is also convenient to define Ljj,Ld to mean "go left and always take the upward/downward 
path": 

L v := e > Ld:= Yl e ' ( 4 - 2 - 45 ) 

e£Q|e is leftward and not downward e£Q|e is leftward and not upward 

and similarly define Rjj, Rd- Finally, define Fjj by (|4.2.44j) . replacing L and R by Ljj and Rjj, and 
similarly define Fjj. 

We now define our proposed basis elements, for any c, C > 0, and any choice of initial vertex i, 
terminal vertex j, and initial direction R or L: 



Zc,C,R,i,j 



'i(RL) c j, ifC = 0, 

i(RL) c Rj, if C = 1, z c , c ,L,i,j := 

j(RL) c RuF^- 2 Fj, if C > 2. 



'i(LR) c j, ifC = 0, 

i(LR) c Lj, ifC = l, (4.2.46) 

j{LR) c L v F^- 2 Fj, if C > 2. 



Remark 4.2.47. The indices c, C in the D n case are analogous to the quantities 2min(a, b) and 
\a — b\ in the A n _\ case: c gives the number of short loops (RL or LR) and 2 n-2 ' ^ §i ves the 
number of long loops (a power of fjj or fjj). We cannot keep the same notation in both cases 
because in the A n -i case, the winding number is a meaningful quantity (which is - • (a — 6)), 
whereas in the D n case, the only meaningful quantity is the number of short and long loops: the 
starting direction r or l is only meaningful if beginning at an internal vertex, and the meaning is 
lost modulo commutators (or when passing to the center). 

Theorem 4.2.48. Let Q = D n . 

(i) A basis for iHQ j for any i,j G / consists of all nonzero elements having the form 
(a) z c ,C,R,i,j, for c, C > and any i,j, or 
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(b) Zc,C,L,i,j> for c,C> 0,i,j G 1$ such that either i £ {iru^rd} or C >1. 

In particular, for io := iiu, & basis of ioHQ io is given by z Ci c,R,i ,i for c, C > 0. 

(ii) For any quiver Q D Q Q , we have W = W' W\, where W\ C W projects isomorphically 
under V -» TLq onto the (saturated) submodule 

«n Qo i (z c ,c,L,i R u,i R u)c>o,C>i, (4.2.49) 

ieI \i£{i LU ,i RU } 

and W has a basis given by elements W C) c for C = 2{n — 2) • C and c, C > 0, having the 
form 

c\( r>\ l{c}l 

W C , C := Yl i n { [U r ' z ^,C m ,x m ,i m ,i m+1 ) (0 0), (4.2.50) 

c.,C.,i.,X.\{*) re P^-'°^ m =l 
where (*) is the condition that X m always begin going forward: 

m—l m—l 

II zo,C m „x m „i m „i ml+1 F = Yl zo,c m ,,x m ,, lm „ lml+1 X m , and (4.2.51) 

m'=l m'=l 

c= \{c}\ + ^c m , C = ^C m ; (4.2.52) 

m m 

finally, 

W cfi := {RLf - (LRf = i L (RL) c - i R (LRf + l m ((i?L) c - (RL + r'f)l m . (4.2.53) 

(Hi) The span of W Ci c for C > or c ^ for any prime p and I > 1 is saturated, and the order 
ofW p i Q is p (modulo the other W Ct c's or otherwise). 

(iv) The image of^W p i Q is r^ and these elements span the torsion of HHo(Uq). 

The theorem will be proved in Section [71 Although we could have included a description of 
HHq(IIq ) above, we relegate this to Theorem 14.2.601 

Note that, as in the A n case, one way to obtain bases for Hd„ is from the above basis. One 
way to do this is to set io := iLD, an d use those basis elements z Ct c,x,i,j which are nonzero under 
the quotient 11^, -» IlD n! and which do not pass through im (but may begin or end at im)- 

4.2.3 Bases of Hq for type E quivers and presentations of Hq and HHq(Uq) for star- 
shaped quivers In type E, in both the Dynkin and extended Dynkin cases, Q is a star. We 
determine bases for Hq and HHq(Uq) using general results about preprojective algebras for star- 
shaped quivers. In particular, we use Corollary 12.2.151 (specialized to the case of finite branches); 
also, in order to obtain bases for iHj for each i,j G /, we use Lemma 12.2.161 Letting i s be the 
special vertex of a star-shaped quiver Q, the above results allow one to present i s IIi s as an algebra, 
and iUj as a quotient of i s ILi s by a submodule. Specifically, specializing the aforementioned results 
to star-shaped quivers, we obtain 
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Proposition 4.2.54. Let Q be a star-shaped quiver with branches L s i of lengths d s i, for s' € 
{1, . . . , m}. Then one has 

(%) i s U Q i s ^A:= Z[xi, x m ]/(( Xl + ... + Xm , xf 1+1 , x^ +1 )). 

(ii) For any ji,j2 in branches L Sl ,L S2 , respectively, iHqj = A/(x s l 1 d ' sdl+1 A + Ax^ 2 dls ' j2+1 y 

(in) HH (n Q ) * A/ {[A, A] + (4)!< m < s '^>i). 

As a result, using noncommutative Grobner bases (cf. Appendix lA.O.lh . we obtain the following 
bases for type E quivers: 

Proposition 4.2.55. Let Q be an extended Dynkin quiver of type E, whose longest branch (as a 
star) has length p. Let A be defined as in Proposition \4-2.54\ (i). For readability, set x := x\,y := 
X2, z := 23, assume d\ > c?2 > d^, and set d := d\ . 

(i) A basis for A = i s TlQi s (as a free 7L-module) is given by 

x^iyx^iyx^-Y, Y e {yx d ~ 2 y, yx l \ l} <^ 4 <d- 2 . (4.2.56) 
(i.e., Y is an initial subword of yx d ~ 2 y). 

(ii) A basis for iqUqiq, (as a free Z-module), via Proposition \4-2. 54\ ( ii ), is given by 

io, (4.2.57) 

Pi i s ((yx d Yy)Pi s io (*>0), (4.2.58) 
Pi i s {(yx d Y 1 (yx d - 1 ) e2 yx d - 2 y) Pisi0 (h,£ 2 > 0). (4.2.59) 

This proposition will be proved in Section [8] using Grobner bases (which we obtain using 
MAGMA). 



4.2.4 Bases of HHq(Uq) in the extended Dynkin and Dynkin cases In this section 
we refine 
structure) 



we refine M.l.lOp to the Z-case, thus yielding bases of HHq(IIq) (and thus its graded Z-module 

IT 



Theorem 4.2.60. For any Dynkin quiver Q with corresponding extended Dynkin quiver Q D Q, 
with extending vertex iq € /, one has the split exact sequence 

ion^io ^ Aq -» A Q , Aq io^gio A Q (4.2.61) 

with maps given by the natural maps. Furthermore, ioHqio is a free Z-module, and Aq is finite, 
given as follows: 

1. (A A J + = 0. 



3 After performing this calculation, the author noticed that in [MQV06] (section 4 in version 2), that Aq ®F p = 
is shown for Dynkin quivers Q and primes p which are not stably bad (which are all cases for which the equality 
holds). Here we expand on this by explicitly describing Aq. 
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2. (A_D n )[m] = for all m > 1 except when 4 | m and m < 2(n — 2), in which case A[m] = Z/2, 
and is spanned by the element [i s (xy) m ^], where i s is the special vertex, and x,y are the 
length-two cycles along the branches of length one (to the endpoint and back), which equals 
|y.(m/2)j yjfogft m { s a power of 2. 

In , the above element lifts to the torsion element [iLjj(LR) m / 2 ]/2 + [iRjj(RL) m / 2 ]/2, 
which may also be described as x m / 4-1 Ur' 2 ' for X € HH®(Jljj ) as described in Proposition 



\7.4-l\ This last formula means X m / 4 1 r( 2 ) for any r( 2 ) G He$ such that 
(cf. Example \10.2. 36\ and Proposition \8.4-l\ ). 



-(2) 



„(2) 



3. We have A E6 [m] = for all m > 1 except for m G {4,6}, where Ab 6 [4] = Z/2, and A Efi [<5\ = 
Z/3, spanned by the respective elements A 2 \A 3 K 

4- A E7 [m] = for all m > 1 except when m is 4,6,8, or 16, where we get Z/2,Z/3,Z/2, and 
Z/2, respectively, spanned by the elements r^ 2 \r^\r^\ and . 

5. Ae$ [m] = for allm > 1 except when m is 4, 6, 8, 10, 16, 18, or 28, where we get Z/2, Z/3, Z/2, Z/5, 
Z/2, Z/3, and Z/2, respectively, spanned by the elements A 2 \A 3 \ r^\A 5 \ A 8 ^ , A 9 \ and 
[i s x i yx 4 yx 3 y], where x,y are length-two cycles in the direction of two different branches (say, 
the longest two branches), and i s is the special vertex. 

In A_g [28], the last element above lifts to the element X 2 Ur' 2 ' = X 2 r( 2 ) (cf. part (2)). 

The elements above also lift to elements which span the torsion of Aq, which is isomorphic to Aq 

under the second map of (j4.2.61[) . Explicitly, these elements are the corresponding r& \ and in the 
Ajj and A^ g [28] cases, they are as noted above. 

We begin with the 

Lemma 4.2.62. Take any Dynkin quiver Q with extended Dynkin quiver Q. In each degree m > 
1 (=total length of paths), the 7L-module map ioIIg[m]zo — > Ag[m] is an isomorphism iff it is 
surjective. Furthermore, the cokernel of the map is Ag[m], so the map is surjective iff Aq[wi\ = 0. 
The last condition holds for all but finitely many m. 

Proof. Suppose ioHQ[m]io — > A^fm] is surjective. Since iong[m]io is a free Z-module (by Proposi- 
tion [3?2?22]) , and its rank is the same as the dimension of Ag[m] ® Q (by (|4.1.10p ). it follows that 
the map is injective and hence an isomorphism. 

For the second part, one may consider the homomorphism ITg -» Uq obtained by modding by 
the extending vertex (and hence the adjacent edges). The kernel is just the span of paths that pass 
through the extending vertex. The induced map of Z-modules Aq —» Aq again has kernel equal 
to the same span as before; and thus the kernel is just the image of the map ioILg[m]zo — > Ag[m]. 
Since the map is surjective, we get the desired result. 

Finally, the statement that A<g[m] = for all but finitely many m follows from the corresponding 
statement for Ilg, which dates from [GP79| (in fact, IIq is the direct sum of all indecomposable 
representations of the quiver Q, of which there are only finitely many; this was the reason for the 
definition of II in the first place.) This is also easy to verify directly using Grobner bases and 
Proposition 14.2.541 □ 
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Proof of Theorem \4-2. 60\ Since the cokernel of (|4.2.61 1) . Aq, is always torsion (i.e., Aq <g) Q = 



[MOV06J, which is also easy to check using Grobner bases), and the free rank of the first two 
terms in ()4.2.6ip . ioHQio and Aq, are the same ()4.1.10p . the map IqUqIq — ► Aq is always a 
monomorphism. It remains only to compute Aq where Q is Dynkin, and check that the above 
descriptions indeed give a splitting Aq Aq. We first explain the second step (the splitting). 

For the elements A pl \ we obviously have ) i— » A pm \ In the D n case, it is obvious that the first 
formula (\i LU (LR) m / 2 \/2 + [iRu(RL) m l 2 ]/2) gives a splitting, and it is easy to deduce it is torsion 
by (|4.2.53p for c = y. For both the D n and E% cases, the cup-product formula can be checked 
using MAGMA (cf. Example 110.2.36"]) . which immediately implies that they are torsion elements 
(the section may also be easily computed without using cup product). 

It remains to verify the formulas for the torsion of Aq where Q is Dynkin. This is a finite 
computation, since Hq is finite-dimensional. We do this directly as follows: (1) We note that here 
iTlj^ n i is one-dimensional for each i, corresponding to the path of length zero. (2) Consider the quiver 
D n obtained from D n by cutting the vertex ild- In this case, Au n is generated by closed paths that 
sit entirely on the two rightmost external edges (we can apply relations of II and cyclic rotations to 
move any loop there). Let i be the rightmost internal vertex. Then, such elements are zero if they 
are not a power of the length-four loop of the form iRjjLRrjL. Furthermore, the additional relations 
that one obtains are: (i) any closed path that does not touch the rightmost external edges is zero; 
(ii) = [i(RL) m ] = [((Ru + R D )L) m }; and (iii) i(RL) n - 3 = (the latter is an algebra relation 
from IlD n ). The last condition simply says that any closed loop along the rightmost external edges 
of length > 2(n - 2) is zero. The second condition says that [(RuLR D L) m ] + [(R D LRuL) m ] = 0, 
which combined with the fact that these two are equal (which was already true in Ap , shows that 
[(LuRLrjR)" 1 ] generates a copy of Z/2. Finally, it is straightforward to check that the element 
r ( 2m ) reduces to this element when m is a power of two. 

(3), (4), (5) Using Proposition 14.2.541 we may give an explicit presentation of i s II-E n is and Ae„ 
for n E {6,7,8}; this immediately cuts off the degree at < 10 for E$, < 16 for Ej, and < 28 for 
Eg (these numbers may also be computed using the Coxeter numbers of the corresponding root 
systems: see e.g. [MO V06~| IEE07] ) . The remaining finite computation was completed by hand with 
the help of MAGMA. In particular, by hand the torsion was computed (using Grobner bases in 
terms of edges), and with MAGMA the given elements were shown to span this torsion, and the 
Hilbert series over finite fields including F2,F3,Fs was double-checked. □ 

Theorem 14.2.601 together with the explicit bases we already gave for ioTlio of an extended 
Dynkin quiver, gives an explicit basis of A for all extended Dynkin quivers. 

5 The Lie bialgebra Aq and connections to noncommutative BV 
structures and free product deformations on Pq and Lq 

In this section, we shift from the Z-module structure of Aq to its main algebraic structure: a Lie 
bialgebra structure. We further explain how this comes from a "noncommutative BV structure" 
on Pq and Lq, and how Pq "quantizes" Hq in terms of a "free product" deformation. The study 
of Aq will be continued in Section [H 

5.1 The Lie bialgebra A + We first recall the necklace Lie bialgebra [BLB02} IGinOl} ISch05] . 
Let L := HHq(Pq) = Pq/[Pq, Pq]. One gives L the structure of a Lie bialgebra as follows. Let 



44 



uj be the natural symplectic form on the vector space k(Q), of dimension #(Q) = 2#(Q), with 
symplectic basis (e, e*) eg Q. Also, for any edge e : i -> j in Q, let e s := i and := j. Then one 
defines the bracket { , } and cobracket 5 by 

{[a\a 2 ■ "dm], [hb 2 ■ ■ ■ b n ]} = ^2u(a i ,b j )[(a i ) t a i+ i ■ ■ ■ a^bj+x ■ ■ ■ (5.1.1) 
6([aia 2 ■ ■ ■ a m \) = y~]u(ai, aj)[(aj) t aj +1 ■ ■ ■ A [(a,i) t a i+1 ■ ■ ■ a,-_i]. (5.1.2) 

i<j 

Note that the reason for the (cii)t, (cij)t is m case one has n = m = 1 in the first line, and in case 
j = i + 1 or j = m, % = 1 in the second line. We have: 

Proposition 5.1.3. [Sch05] The above defines the structure of an involutive Lie bialgebra on L: 
that is, L is a Lie bialgebra satisfying br o 5 = 0, where br : L (g> L — > L is the bracket. 

To define these more suggestively, we may define |Sch05j operators d e : L -> P, D e : P -> P ® P 
by the formulas 

d e ([ai ■ ■ ■ a m }) := o~ ai , e (fli)tai+i • • ■ Oi-i, (5.1.4) 

i 

D e (ai ■ ■ ■ a m ) := 5 ai , e ai • • • ai_i(ai) s (8) (aj) t a i+ i • • • a m , (5.1.5) 

i 

so that {,} : L® L ^ L,5 : L — > L® L are given by (letting m : P <8> — > P be the multiplication) 
{ , } = ^prom o (d e ® d e * - d e * ® d e ), 5 = ^(pr(g>pr)(£> e <9 e » - D e *d e ). (5.1.6) 

eeQ e£Q 

(Note that d e was notated in [Sc h05] and D e was notated D e .) 
Our first result is then 

Proposition 5.1.7. The subspace {I) © [Pr] C P/[P,P] = L is a Lie bi-ideal, where (I) = L[0] is 
the span of vertices. Hence, A + := A/A[0] is a Lie bialgebra. Furthermore, [Pr] C L is a Lie ideal, 
so that A itself is a Lie algebra. 

(The Lie part was proved in [CBEG07] in greater generality.) 

At the present time, it is unknown how to quantize A even though a quantization of L was found 
in [Sch05] (and restated in [GS06| ). and by [EK96| theory there should be a functorial quantization 
of L which descends to A; however, it appears impossible to obtain a Hopf ideal corresponding to 
[Pr] C L in the quantized algebra [Sch05j of L. 

We can also answer the natural question of how the elements A p > behave under the Lie structure: 

Proposition 5.1.8. In A + , r^ is in the kernel of both the bracket and cobracket. More generally, 
[ir m ] € L is in the kernel of the bracket for any i £ I ,m > 1, and is in the kernel of the cobracket 
on L + := L/L[0}. 

The complete kernel of the Lie bracket is computed in Theorem l9.2.2l (which actually computes 
the Poisson center of Sym A and generalizes to partial preprojective algebras). Also, in Proposition 
19.2.11 we generalize the first statement above to hold for all the torsion of A. 

We will prove Propositions 15. lTfl and 15. 1 .81 in Section [5.41 after developing the noncommutative 
BV structure on L. 
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5.2 Lifting brackets to P In [VdB04j, lifts of the Lie bracket on L to P were denned. Namely, 
one has the double Poisson bracket §,}}• : P ® P —* P ® -P: 

foi •••a m ,6i • • -6 n }} := y^u(aj,bj)bi ■ ■ ■ bj-i(ai) t a i+ i ■ ■ ■ a m ® a\ ■ ■ ■ ai-\(ai) s bj + \ ■■■b n . (5.2.1) 

i 

In terms of the operator D e of fl5 . 1 .5 j) . one has 

{{' 1 := Z]( m m ) ° T (!3) ° ( D e ® As')- ( 5 - 2 - 2 ) 

As mentioned in [VdB04], the formula mo(,} : P®P -> P defines a Loday bracket. Since 
this kills [P, P] ® P, for our purposes it will be more convenient to work with the induced map 
{ , } : L ® P — > P, which we henceforth call the Loday bracket: 

{[ai • • • dm], h ■ - -bn} := y~]u)(aj, bj)bi ■ ■ ■ bj-i(ai) t a i+ i ■ ■ ■ ai-ib j+1 ■■■b m . (5.2.3) 



In terms of (^Xil) . (l5T5|) . 



{,} := o (m (g) 1) o r (12 ) o (5 e (g) L> e *)- 



(5.2.4) 



Combining this with the Lie bracket { , } : L ® L — > L, one can consider { , } to be a Lie bracket on 
P := L © P, by defining 



{,} 



P®P 



0, 



(5.2.5) 



without losing any information: in fact, this encodes the fact that the bracket { , } is skew on L. 

We may now compare the bracket { , } with the algebra multiplication on P, and it turns out 
that there is a Poisson structure: 



Proposition 5.2.6. Defining multiplication m\ (^p^p^^^,^) = Q by L to be zero, the space 

(P,{,},m) is a noncommutative Poisson algebra: 

{a,bc} = b{a,c} + {a,b}c. (5.2.7) 

Proof. The fact that P is Lie follows from a straightforward computation, and the Poisson condition 
follows immediately from the definitions. Alternatively, one may derive this from the double Poisson 
conditions that {{,]}• satisfies |VdB04| . □ 

Also, one has the rather obvious identity: 



pro{,} 



{ , } o (pr and similarly pr o{ , } 



L«P 



{,}o (l®pr). 



It turns out that the cobracket lifts to P as well: 

Sf. P -»■ L®P,8 : P -» P®P, 
5 i (a 1 ■■■a n ) -=^2 -w(a i5 aj)[{ai)t<H+l • • • %-l] ® ai • • ■ ai-i(ai) s a j+1 ■ ■ ■ a n , 



8e = (m ® pr)r(23)(l ® D e )D e *, 



h - T (i2)^, 



(5.2.8) 



(5.2.9) 

(5.2.10) 
(5.2.11) 



with 5 defined on L as usual. One then has 



46 



Proposition 5.2.12. The structure (P, {,},<5) is an involutive Lie bialgebra. 



Proof. This follows from the same proof as }Sch05] , Section 2 (one simply needs to remember where 
the start and end of pieces that come from P are). □ 



As before, one may view 5 on P as a lift of 5 on L: If we define pr 

(pr ® pr)5 = 5 o pr . 



id, one has 



(5.2.13) 



5.3 Noncommutative BV structure One notices a BV-style connection encompassing the 
Poisson and Lie bialgebra structures: 

Proposition 5.3.1. The following BV-style identity is satisfied by P: For any a,b £ P, one has 

5 e {ab) = 8 e (a)(l ® 6) + (1 ® a)8 t {b) + (pr <8>l){a, &}}. (5.3.2) 

To get an equation involving 5, one can apply (1 — rm)) to each side (which originally lives in 
L®P). 

What this says is that 5 can be defined as the unique cobracket satisfying (|5.3.2p which vanishes 
on P[0] P[l). Since 5 has total degree —2, it must be the unique graded cobracket (or, indeed, 
graded linear map P — > L ® P) satisfying (|5.3.2p . 

One could define more general ungraded cobrackets which do not vanish on P[l]. For example, 
one could start with <5^(e) = [F e ] ® e, for elements F e E L assigned to edges e € Q, satisfying: 
S(F e ) = (using the old 6 from ([5X2]) ). F e = -P e *, and {ff*,F e } = 0,Ve,/ E Q. This extends to 
a unique S' £ on P satisfying (|5.3.2p . which induces a bialgebra structure on L. 

However, this does not give an involutive bialgebra structure: to obtain involutivity and the 
one-cocycle condition, set b~i = X^eeQ ® ad[ee*] + [ee*] ® adP e . 

More generally, any 5^ satisfying (|5.3.2|) must be of the form 

$'e = Se + J2 Fi ® 9i > ( 5 - 3 - 3 ) 

i 

where Pj € L and 9i € Der(L). The condition that 5'^ induce a cobracket on L (the co-Jacobi 
condition) is then 

Skew o (8(J2 Fi ® Oi) + F i ® Yl F i ® 9 A) = °' ( 5 - 3 - 4 ) 

i i j 

where 

5(F®0) := 6(F)®6-F®5 e (6), (5.3.5) 

5 e (9) :=6toe-(e®l-l®0)o6 t , (5.3.6) 

{F ® 0, P' ® 0'} := (P A 0(P')) ® 0' + (P' A 6'{F)) ® - (P A P') ® {0, 0'}, and (5.3.7) 

Skew = sign(cr) • To-. (5.3.8) 
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In the case that the 9i are inner derivations (equivalently, they kill r; as a consequence, they descend 
to A), then we may consider maps of the form 8' = 6 + Yli^i ® ad Gi — Gj ® ad Fj). Then, one has 
5 e {adF) = (1 ® ad)d(F). Thus, (f5X4l) says 

Skew{(5 ® 1)(J] F A GO + Fj A G,, ^ F, A G,}) = 0, (5.3.9) 

i i j 

where now {F ® G, F' ® G} = F ® {G, F'} <g> G, extended linearly. 

This is a version of the Maurer-Cartan equation. The explanation is that it is the condition 
(F/) 2 = 0, where D' is the operator on the exterior algebra A"L induced by 5' and the bracket. 
Indeed, one interpretation of involutive Lie (super)bialgebras is that A'L forms a BV algebra, 
using a differential obtained from the sum of bracket and cobracket (cf. , e.g., [Gin01| . §2.10). As 
a consequence, solutions of (15.3.9P will give solutions of (|5.3.2I) which descend to involutive Lie 
bialgebra structures (not just cobrackets). Furthermore, given that S descends to A, so does the 
above 5' . 

For example, for any Fj, Gj £ [Pq] , the element 5' e = 5 + ^ (Fj ® ad Gj — Gi ® ad Fj ) , which gives 
an involutive Lie bialgebra satisfying (|5.3.2p . Note that this still gives a graded Lie bialgebra using 
the "geometric" grading, given by setting \Q*\ = 1 and \Q\ = 0: the bracket and cobracket then 
both have degree —1. The total grading we have been using should be considered the "Bernstein" 
grading. In [GSbj, we use the geometric grading since it exists for much more general algebras 
(replacing Pq = Tp Q Der(Fg, Pq <g> Pq) by T4 Dei(A, A® A) for more general A). 

For more details and a general construction of noncommutative BV structures, see (GSbj. For 
our purposes, we will only need the identity (|5.3.2I) , 

5.4 Proof of Propositions 15.1.71 and 15.1.81 We break Proposition 15 . 1 . 71 into two lemmas: 
Lemma 5.4.1. The space [Pr] C L = P/[P,P] is a Lie ideal. 

Proof. Note that this is actually a special case of Proposition 4.4.3(h) from [CBEG07]- We give 
an elementary, independent proof (known to the author before the release of [CBEG07;). Pick 
/ = [01 ■ • ■ a m ] G L and let g E P be arbitrary. We make use of the Poisson bracket { , } on 
P = L P, to obtain 

{[ai ■ ■ ■ a m ],gr} - {[ai ■ ■■a m ],g}r = g{[ai ■ ■■a m ],r} 

= g^uj(aj,a*)(-l) [a 3 eQ] (a j+ i ■ --aj-iaj - aja j+1 ■ ••Of-i) 
3 

= g ( a j+i ■ • • a j-i a j ~ a j a j+i ' ' ' a j-i) = 0- (5.4.2) 

3 

Here [statement] is defined to equal one if "statement" is true and to equal zero if "statement" is 
false. Now, the result follows from (|5.2.8p . □ 

Lemma 5.4.3. The space [Pr] + L[0] C L is a Lie bi-ideal. 

Proof. It is obvious that L[0] is in the kernel of the Lie bracket, so we need only show that [Pr] ©L[0] 
is a Lie coideal. Let / G P be arbitrary; we compute 5e(rf) by means of the BV identity fj5 .3.2|) : 

Se(rf) = fc(r)(l ® /) + (1 ® r)8 t {f) + (pr ®l)tr, /}}. (5.4.4) 
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Now, 5i(r) = X] e eo( e * ® e s — e s ® e t), so that the first term on the RHS is in L[0] © P. The second 
term is obviously in L © Pr. Let us compute the last term on the RHS. Let us assume / = a\- ■ ■ a n 
is a single path: 

{r, m ■ ■ ■ a n } = ^ u(a*, ai)(-l) [a ' eQ] (ai ■ • ■ a^-ia; © (a;) t aj +1 ■ • • a n 

i 

- at ■ ■ ■ Oi-i(ai) a © a* • • • a„) = ai ■ • • a„ © (a n ) t - (ai) s © ai • • • a n , (5.4.5) 

since a; (a*, aj)(— 1)^ eQ l = 1 as before. This is in P[0] © P + P © P[0]. The lemma now follows 
from (15.2. Lip . □ 

In fact, what we have essentially proved above is the following "refinement" of Proposition \5. 1 . 71 

Proposition 5.4.6. 1. The subspace PrP dP = P®Lisa Poisson ideal. Hence, IT © L is a 
Poisson algebra. 

2. The subspaces Pr © L[0], rP © L[0] C P © L = P are Lie coideals. 

The first part of the proposition should be thought of as saying that U L acts on II". The 
explanation is that L acts on P (see f 1 1 . 2 . 3 [) ) . and this action kills r and hence descends to an 
action on II. 

However, we cannot extend A + to any larger Lie bialgebra: 

Remark 5.4.7. Note that it is not true that PrP is contained in any Lie coideal: upon taking 
cobracket, one obtains some nonzero terms that are not multiples of r. So there is no way to define 
the cobracket on n. 

Also, note that although A and L © n are both Lie algebras, the same is not true of A © n. 
Indeed, if we tried to mimic (I5.4.2P in computing {a\ ■ ■ ■ a m , [gr]} where a\---a m £ P is now 
considered as a path, and [gr] G L is the image of gr under P — » L, then one would obtain an 
answer that, up to multiples of r, is ga\ ■ ■ ■ a m — a\ ■ ■ ■ a m g. So it is essential to take commutators 
of n with L rather than A. 

On the other hand, we see from the above paragraph that A does have a well-defined map to 
outer derivations of n, since the adjoint action of A on II is well-defined up to inner derivations. 
We will see in Section 110.21 that this forms the bulk of the outer derivations of A (especially in the 
non-extended Dynkin case). 

Proof of Proposition [5.1.8[ We prove the second assertion (which clearly implies the first, since L 
is a free module). To show that [ir m ] is in the kernel of the Lie bracket on L for any i £ I and 
m > 0, one simply applies (j5.4.2H multiple times, replacing r with iri (and hence limiting the sum 
to those edges a,- which are adjacent to i). 

Showing that [ir m ] is in the kernel of the cobracket is a bit more difficult. We show more 
generally that ir m is in the kernel of 5' e := (q © q') o 8% : P — > L + © P + , where q : L —» L/L[0] = 
L + ,a' : P -» P/P[0] = P+ are the projections. Inductively, we need to show that 

= 5' £ (ir m+1 ) = irS' e (ir m ) + 5' e (ir)r m + (qopr ®q'){ir, ir m } = (q o pr ®tf)lir, ir m }. (5.4.8) 

Now, considering (|5.4.5I) . one verifies that most of the terms in {{ir, ir m J cancel, leaving ir m © i — 
i © ir m . This is killed by q o pr ©g', verifying the desired result. □ 
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5.5 Pq as a free product deformation of Uq and the necklace bracket We may consider 
a different isomorphism from (|4.1.10p : given an element z £ HH°(IIq ) for any extended Dynkin 
quiver Qq, we may consider its image in H Hq(Uq ) under the composition 

HH\U Qo ) - n Qo -» HH (n Qo ). (5.5.1) 

Tensoring over k = Zfyj^, e l r l ], this composition is an isomorphism, as can be seen by the Morita 

equivalence I1q <g) k ~ k[x,y] x T, since in the latter the center is k[a;, y] r , whose projection to 
HHq(Hq ) = k[x,y] r is the identity under the identifications of Section [331 (which are easy to 
make explicit). Then, in this case, the projection k[x,y] x T —» f(k[x,y] x T)f A ITq must induce 
an isomorphism when passing to the center or to HH*. 

Note that the above is not true if we work over Z or a field in characteristic dividing even 
for the cases of A n _i,D n . For example, in the case A n _i, a central element involves a sum over all 
vertices of loops beginning and ending at that vertex; for each vertex, the corresponding summand 
has the same image in HHq(TIq ) and hence the sum must be a multiple of n, which does not yield 
an isomorphism when we don't invert |T| = re. 

As a consequence of the above, over k, we may identify the necklace Lie algebra for Qq, which 
we showed to actually be Poisson, with the Poisson algebra HH°(Uq k) (as an alternative to 
k[j;,y] r = iqUq^q <8> k, cf. Theorem 19. 1 . 1H . This actually works over k' := Z[jpj] since we do not 

need the roots of unity to express the center of HH°(TIq <8> k'). 

Now, let k := Z[*L]. Let Q 2 Q be any quiver, and as in Section |3T2"1 let r' := J2 e eQ\Qo ^-h)( ee *~ 
e*e)l/ . By Theorem 13.2. 131 (hi) and Proposition 14.2.291 we know that, in HHq(Uq (g>k), we must 
have 

{[r'z],[h]}e{[((r'f],[h]}, VzeHH°(n Qo ®k),hen Q ®-k, (5.5.2) 

using Notation 14.2.241 But then, the same statement must be true over Z since k is flat over Z. 
Now, for any / £ IIq , choose any lifts f,zE Pq^- Then, we obtain 

[z, /] = -/V-P, /} (mod [((r'f] + [((/)), /]), (5.5.3) 

where 

fi r ' (a <g) b) := ar'b. (5.5.4) 

Because of Proposition 12.2.81 or by the same argument, one deduces also that the above is true 
replacing ITq by Pq^, or more generally by Il^j, for Q D Qq and either Q ^ Qq or J ^ 0; we then 
set r' = - J2 eeQo (ee* — e*e) G U QjJ . 

We interpret (|5.5.3p . together with the NCCI property that Pq^ = Pq * ?k(r), as saying that 
Pq^ is a noncommutative or free deformation of ITq , which "quantizes" the double bracket {{ , J- 
(more precisely, the Poisson bracket on HH°(IIq ), using the following propositions). One can also 
say that Pq is a noncommutative deformation of ITq for any non-Dynkin, non-extended Dynkin 
quiver (the NCCI property yields "flatness"), but without a statement about Poisson bracket. For 
more details and the general theory of this type of "free product" deformation, see [GSaJ. 

Example 5.5.5. In the case Qq = Aq, say that Qq = {x}, Qq = {x, y}. Then, the identity says that, 
for any (noncommutative) polynomials P, Q, 

[P(x,y),Q(x,y)} = -r'{P(x,y),Q(x,y)} (mod [((/)) 2 ] + [((r')), Uq\), (5.5.6) 
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using the usual Poisson bracket on polynomials in two variables x, y. For example, 

n-1 

K,y] =-J2 xW'x^- 1 = -r'x 11 - 1 (mod [((r'f] + [((/)), II Q ]). (5.5.7) 

i=0 

In order to interpret the above over primes where the map HH (Hq ) — ► HHq(IIq ) is no 
longer injective, it is useful to have the following result: 

Proposition 5.5.8. Let Qq be any extended Dynkin quiver with extending vertex iq E Iq, and let 

i € Iq be any vertex. Let z £ HH°(Hq ) be any central element. Then, taking image in HHq(Uq ), 
we have 

[iz] = dhn(pi)[i z], [z] = |r|[i -s]. (5.5.9) 

Proof. Let us consider the sequence 

HH°(n Qo ) w HH°(n Qo ) C[x, y] x r -» HH (C[x, y] x T) ^> HH (n Qo ) ® C (5.5.10) 

We know that the sequence is injective. By the analysis in Section 13.21 the image of [iz] in 
HHo(C[x,y] x T) consists of projection of zf% to ze where e G T is the identity. But this is 
just the projection of the idempotent fj to e, which is taking the trace of the identity element in 
the representation pi, which is just the dimension. □ 

Corollary 5.5.11. For any extended Dynkin quiver Qq and any vertex i, whose corresponding 
representation of T has dimension m, we have a Poisson bracket 

iHH°(n Qo ) ® iHH°(U Qo ) -> iHH°(n Qo ), (5.5.12) 

{izi,iz 2 } = iz 3 where {— [izA, — [iz 2 ]} = —[izs]. (5.5.13) 

mm m 

These Poisson algebras are all isomorphic, for all i, and we may consider the total bracket 

HH (U Qq )CSHH (U Qo )^HH°(U Qo ), {z l ,z 2 } = J2{i'z l ,i'z 2 }, (5.5.14) 

i'ei 

which is also isomorphic to the Poisson algebra iHH°(TlQ ) under the projection map. 

Using the above, we can define a Poisson algebra on HH°(ILq ) <S> F p for any prime p, which 
is isomorphic to (ioTlQ io) (g> F p (and HHq (Hq )free ® Fp)- Finally, we can put all of the previous 
together and deduce the 

Proposition 5.5.15. Let Q 2 Qo where Qq is extended Dynkin. For any z € HH (ILq ) and 
x € IIq o; and any lifts z,x to Uq, we have 

zx - xz = [rty({M, N})] (mod [((/)), n Qo ] + [((r'f]), (5.5.16) 

where ip : HHo(I1q ) -» HH°(Uq q ) is the map given by composing the projection to [zoIIq zo] = 
HHq(Hq ) f ree with the isomorphism to HH°(Uq q ). 

Proof. By Theorem l3.2.131 (iii). any commutator [z, x] must be of the form [r'z 1 ] modulo [((r')), IIq ]+ 
[((r'))1. Then, we know that [z 1 ] £ HHq(IIq ) must be equal to {[z], [x]} by (|5.5.3p . Finally, by 
Corollary 15.5.111 this means that [io^'^o] = {jprNi N} = {[^o- 2 ]; [ x ]}- d 
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The above proposition can be interpreted (using (|5.5.3j) ) as saying that, letting 



be the projection, we have 

^{{P^tt-HHH^Uq,))}} C 7T-\HH°(U Qo )), (5.5.18) 

where \i is the multiplication map. In other words, ir^ 1 (H H° (Uq )) is a Loday ideal with respect 
to the Loday bracket L-q^ Pq^ — > Pq^ of Section 15.21 It is interesting that this result, purely 
about Qo, appears in trying to study Q D Q . 

6 Quivers containing A n -\\ proof of Theorem 14.2.401 

6.1 The case of Aq Although Corollary 13.1.21 already implies Theorem ll.l.2l in the case Qo = 
(cf. Remark l3.2.20p . and in fact Theorem 14.2.401 for Aq, we explain how to prove it using bases, as 
this will be generalized to A n _\ for general n in the next subsection. 

Let Q D Qq = Aq, i.e., Q is a quiver containing a loop, say based at iq E I. Fix a maximal 
tree G C Q as in Proposition 14.2.211 here this just means that all edges of G are oriented towards 
the vertex iq (one can follow oriented edges of G to arrive at iq from any vertex). We define 
G* := {e* | e 6 G}, and one evidently has G D G* = 0. 

We consider Qo C Q to be the quiver Qo = Aq given by vertex iq together with the loop we 
assumed to exist at the beginning. Let the loop be x and its reverse y := x* . Take z a ^ defined as 
in 45X31) . 

We recall the isomorphism Aq = V/W from Proposition 14.2.261 explicitly in this case. Define 
r/ = l/ rlj = iQriQ as in the setup of Proposition 14.2.251 Let F := IIq^q, and set r' := 
ri a -xy + yx € U Q \ Q o Jo . Se t A = F/((i ri )) ^ IIq. 

Then, V := A/[A(Q \ Qo)^4, A] has a basis consisting of: 

1. Cyclic monomials containing an edge from Q \ Qo, such that maximal submonomials from 
Q \ Qo are as dictated by Proposition 14. 2. 211 and maximal submonomials from Qo are of the 
form z a:b ; 

2. Monomials of the form z {,, 

and is free (cf. Proposition EES}. We have Aq ^ A/[A,A] = V/W where W = (W 0i 6) ,6>l,(o,6)^l 
is as described in Lemma 13.1.21 We have assumed that Q \ Qo is nonempty, so that r' ^ 0. Also, 

6 

since r' is a sum of commutators, we have that [(r') p ] is a multiple of p (as an element of F/[F, F], 
and hence in V) . Then, the rest of the result follows immediately from (the proof of) Lemma 13.1.21 
We note that we could have alternatively proved this result by presenting LTq of Corollary 

13.1.141 (using that Aq\q / is torsion free). 

This finishes the proof of Theorem l4.2.40l and hence Theorem 1 1 . 1 . 2 1 in the Ao case, which includes 
Conjecture II. 1.11 as a special case. 
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6.2 Proof of Theorem 1 1 . 1 . 21 for quivers containing A n -\ We generalize the previous section 
to the case of cycles of length n > 1 (i.e. a copy of A n -\. We use the notation leading up to Theorem 
14.2.401 Recall that Q D Qo = -An— l according to the Figure 1 there, and the identification of Iq with 
an affine space over the abelian group Z/^(Jq), so that adding one moves in the counter-clockwise 
direction and subtracting one moves in the clockwise direction. When there is any chance of 
confusion, if i £ Io and m £ Z, we write i + n £ Io f° r the result of adding n in the affine space. 
We can describe the path algebra Pq^ as generated by Io,x, and y, with relations/conditions: (1) 
Io are idempotents of degree zero; (2) x and y have degree 1; and (3) ix = x(i + 1), (i + l)y = yi, 
and ixj = jyi = if j 7^ i + 1. As before, we can define z aj fc by (|3.1.3p . Here x and y are given in 
<|4.2.38n . 

We define rj := ^»e/o anc ^ r ' := r/ o ~~ S e gQ( ee * ~~ e * e ) analogously to the case n = 0. 
Let F = IIq^q and A = F/((rj )) = Uq. Let I1q := X^e/ ^nQ i be the subspace of closed paths 
beginning and ending at a vertex of Iq. We compute W and the quotient V /W (cf. Proposition 
I4.2.25|) . 

In this case, W is generated by reducing the elements [z a -i t b,ix], [z a ,b-i,iy] S Pq for all a, 6 € 
Z>o with n I |6 — a\, and all i £ Io, modulo rj = xy — yx + r' and commutators of elements which 
include a multiple of (Q \ Qq) (including r'), to obtain a subspace W C V. 

One finds relations similar to (|3.1.4p - (|3.1.6p . keeping track of the idempotents Iq, and substi- 
tuting r/ — xy + yx for r. The nice property of our choice of the z a ^'s is now that ixy = xyi for all 
i £ Iq. Let us assume that a > b, since essentially the same relations result in the other case (and 
the torsion must be the same). We may assume that n \ (b — a), or else the bidegree (a, 6)-part is 
zero. Let 77 : A -» V be the projection. Since, writing iz a ^ = £1*2 ' • • ta+b where tj € Qo, one has 

a+b 

^ r/([t m t m+ i • • • t m -2,tm-i}) = 0, (6.2.1) 

m=l 

it follows (using that rj([Ar'A, A]) = that 

a-6-l 

bn(\iz a . b - 1 ,y\) + &?7f [ft + l)zq-i.6, si) + ^ T?([( i + m )g a _i. 6 ,s1) = 0. (6.2.2) 

m=0 

So, we need only compute the rj([iz a -.i t b,x]), or equivalently, the r]([z a -i t b,ix]): (recall that Iq is 
considered as a Z/#(/o)-torsor and i + n is the operation of adding n £ Z to i £ Io): 

6-1 

»7([*«-i,6,is]) = [(i + l-iWfcl + E( j ~ ( fl ~ 6 ~ 2) )r / (^) c x a - b - 1 (x Z 7) fe - 1 -^]. (6.2.3) 

c=0 

Using only n — 1 of the above n relations for each fixed a, b, this can be interpreted as eliminating 
the elements [iz a ^\ for all i £ Io except any fixed vertex io £ Io- To add the last relation in, we 
need only consider the sum of all n relations, which together with (|6.2.2p (allowing us to divide by 

—, ) gives just (|3.1.4p for a > b (the coefficients of Io disappear as we are summing over 

gcd(^,6) 

all translations around the cycle: every vertex of Io becomes l/ ). The same argument works for 
a < b, and so the proof from Section 16.11 shows that Aq has no torsion in these cases. The only 
detail to note is that, since Q 7^ Qq, at least some of the elements in the expression for W a j having 
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the necessary coefficients are nonzero (even if there is only an additional edge at one particular 
vertex i G Io, there are terms in W a ,b where r only appears adjacent to this vertex i). 

In the case a = b = m, again we see that the quotient V/W is the same as eliminating [iz m!rn ] 
for all i ^ io, and considering only the relation W a ^ a from (|3.1.4p -( 13.1.6p . For the same reasons as 
in Section [6.11 it follows that V/W has torsion Z/p in exactly those bidegrees (p^,p^) for p prime 
and I > 1, and the torsion is generated by the element [r pl \/p E Pq/[Pq, Pq]. Theorem 14.2.401 is 
proved. 

6.3 Hilbert series and (|4.1.14j) in the A n case In this section, we verify the Hilbert series of 
using our bases, and give a direct proof of the curious identity (|4.1.14p from [EG06] in this 
case. We provide this since it is an easy consequence of Theorem 14.2.401 (which we just proved), 
and gives a different proof from what is found elsewhere. 
First, from Theorem 14.2.401 we easily deduce 

Proposition 6.3.1. The Hilbert series of A A and iH A i, for any i E I, are given by 

l + t n l-t 2n 

h(m An _ ii]t ) = h(A An ^t) = {1 _ t2){1 _ tn) = {1 _ t 2 ){1 _ t n r ( 6 - 3 - 2 ) 

It immediately follows that one has the formula 

h(A An i ;t)(l -t 2 ) = l + (6.3.3) 
which we can use to verify the following formula for Hilbert series from [EG06] (using (|4.1.13p ): 

h(0(Uy,t)=H 1 (6.3.4) 

m>l V ' 

II (1 _ t m\a m -a m „ 2 = l _ f 2 " II det(l - t m ■ C + t 2m ■ 1) ' ^' 3 ' 5 ^ 

^ 1 v ; m>l v ' 



m> 



where C is the adjacency matrix of Q, and a_i = ao = 0. The element 1 — t ■ C + 1 2 ■ 1 is just 1/t 
times the so-called "i-analogue of the Cartan matrix", (1 + t) • 1 — C. For A n _\, one has 

det(l-t-C + t 2 -l) = (l-t n ) 2 . (6.3.6) 

To verify (16.3.5|) . set ^-((A^ )+; t) = Y^m a mt m ] one then has from (|6.3.3p 

a m - a m -2 = 2[n\m], m > 3, (6.3.7) 

which implies the desired identity. 

Since h(ioH An _ i io; t) = h(A An _ i ;t), by (|4.1.3p . the a m 's above satisfy 



1 + £ a m t m = ( 1 _ t .c + t 2. 1 )*>> ( 6 - 3i 



where 00 indicates the diagonal entry corresponding to io. That is, a m = (pm(C)oo, where (f> m is the 
m-th Chebyshev polynomial of the second type. Since (j) m — 4> m -2 = (fmi a Chebyshev polynomial 
of the first type, our work above explicitly verifies the identity (|4.1.14|) from [EG06J . 

So, from our point of view, this identity is the fact that i = ioll^ ^io, together with the 
similarity between the "partial fractions" identity (|6.3.3p and the formula for the determinant of 
the t-analogue of the Cartan matrix, (|6.3.6p . 
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6.4 Poisson structure on iqUqiq / Lie structure on Aq for Q = A n _i Here we give a 
description of the Lie structure on Aq: an alternative description over C is given in Theorem 19. 1.11 
using the McKay correspondence. 

Note that, by Theorem 14. 2. 601 f° r an Y extended Dynkin quiver Q, we have an injection ioJlqio 
Aq, and it is easy to see that the image is a Lie subalgebra under the necklace bracket. As before, 
it is easy to deduce that the resulting structure on ioIlQio is that of a Poisson algebra. 

In the case of Q = A n -i, again by Theorem l4.2.60l Aq is torsion-free and the map iqUqiq Aq 
is in fact an isomorphism onto (Aq) + © ([«o])- 

Then, the simplest way to understand A^ i is in terms of the basis [iox a y b ], where x denotes 
moving clockwise one edge, and y denotes moving counterclockwise, and iq is a fixed vertex. One 
requires that n \ (a — 6), and a, b € Z>o- To compute this, we first compute the bracket in terms 
of the rational basis lx a y b ], where 1 is the identity (the sum of all vertices); since there is no 
torsion in A^ , this suffices. Then, it immediately follows that one can compute the bracket (and 
cobracket) by summing over ways to pair letters x, y that correspond to opposite edges. One easily 
computes that 5 is zero. The bracket is then 

[[toxV], fox c y d }] = i ^—^x a+c - l y b+d - 1 . (6.4.1) 

n 

In other words, the Poisson structure on ioIlQio is given by {ioz a ,b, io z c,d} = arf ~ bc io z a + c - 1 , b+d- 1 • 

In terms of the isomorphism A^ i —> A^ (8) 1 C A^ <g> C ^> C[x,y] Z//n , one has integral 
basis elements x n , y n , xy, with Poisson bracket which is ^ times the usual Poisson bracket on C[x, y], 
restricted to C[x,y] Z//n . 

Finally, we can give an explicit presentation of ioIlQio as a graded Poisson algebra over Z as 
follows: 

Proposition 6.4.2. We have the following explicit presentation of ioIlQio for Q = A n -\: 



X:=[i x n ], Y:=[i y n ], Z := [i xy], (6.4.3) 

i Il Q i A Z[X,Y,Z]/((XY - Z n )), (6.4.4) 

{X,Y} = nZ n -\ {X,Z} = X, {X,Y} = -Y, (6.4.5) 

\X\=n, \Y\=n, \Z\=2. (6.4.6) 



We remark that zoIIqzo can be thought of as "Z[x,y] r " = C[x,y] r nZ[x,y] (using ^ times the 
standard bracket), and this also allows one to make sense of "F p [x,y] r " for primes p \ n. The same 
comment will apply for other extended Dynkin quivers Q, when we explicitly compute ioIlQio as a 
Poisson algebra in those cases as well. 

7 Quivers containing D n : proof of Theorem 14.2.481 

7.1 A basis for lip : Theorem 14.2.481 (i) Our goal is to prove Theorem 14.2.481 (i). 

Let l in = Y.i internal * sum of the internal vertices (which are idempotents in IIq). We 

define a filtration on Hq by powers of the bi-ideal (li n i?Ll in , l in Li?l in ). We first show that the 
associated graded gr IIq with respect to this is spanned by the given elements, which shows that 
IIq is. We begin by showing that IIq is spanned by a larger set: elements of the form i(RL) k Y or 
i(RL) k Y where Y is a path that satisfies the following property: The paths change from going to 
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the left to right or vice- versa only at the four endpoints of D n . This differs from the proposed basis 
only by allowing Ftfs to change to Fd's, and replacing the first Fjj or F by any of Ljj, Ld,R\j, Rjy. 

First, IIq is obviously generated by elements i{RL) k Y,i{RL) k Y where Y is a generalized path. 
We can assume that Y does not begin with LR, RL, or any expression equal to one of these, since 
otherwise we could absorb this into the product {LR) m or (RL) m : if Y begins at an internal vertex 
i, then iLR = iRL, whereas if Y begins at an external vertex, only one of iLR, iRL is nonzero. 
Next, we show that if Y includes a change of left-right direction at a vertex other than an external 
one, then it is equal to an element that makes such a change of direction strictly earlier: since we 
assume the change cannot happen at the beginning, this will prove the desired result (obviously, 
there are only finite number of possible expressions (LR) k Y, (RL) k Y of a fixed length to consider). 

Suppose that the first change of direction at an internal vertex is of the form iLjR where i,j 
are both internal vertices. Then, it must follow L, so that we have LiLjR = LiLR = LiRL, giving 
the desired element which changes direction at an internal vertex earlier. Similarly, we can handle 
iRjL where i,j are internal. 

Next, suppose that the first change of direction is of the form iLjR where i is external (so right 
external) and j is internal. Then it must be preceded by Rx for the appropriate X E {U, D}, so 
we get RxLjR = RxLRjr = RLRjr for I/Ie {U, D}. If these three arrows are the first of Y, 
then we can absorb an additional RL (or LR) into the initial power of RL or LR, thus discarding 
Y. If not, then these three must be preceded by R, since we assumed this was the first change of 
direction. Then, we get RiRLR^ = RiLRR^, again yielding an expression that changes direction 
at an internal vertex earlier. 

This proves the desired claim. Now, to show that Tin is spanned by the given elements, we 
make two observations: First of all, if we have a nonzero expression i(RL) k Y , where Y does not 
begin with Ru or Rjj, then i must be an internal vertex and Y must begin with Ljj or Ljj. In 
this case, we can simply note that i(LR) k = i(RL) k and discard this term. Secondly, if Y includes 
Lp anywhere except at the very end, then it precedes R, and we may freely replace LjjR with 
LR — LjjR. Now, if this is the beginning of Y, then we can absorb the RL term into LR or RL, 
yielding a term of the desired form. If not, then it must be preceded by L (as it was originally 
LjjR), so the LRL term involves changing direction at an internal vertex, which we showed above 
is in the span of an expression with shorter Y. By induction, one obtains the desired result. 

Another way to state the the second observation above is by considering the filtration of Hq 
by powers of the ideal (LR,RL). Then, by reverse induction on filtration degree, we showed that 
the given elements span IIq, and moreover the associated graded gr IIq (since images of words in 
LR, RL, Ljj, Ljj, Rjj , and Rd clearly span gr IIq). 

It remains to show linear independence of the given elements over Z. We do this by mirroring 
the above, but using the Diamond Lemma and a bit more careful analysis. For any generalized 
path Y G GP, we can construct an alternating sequence 

E ( x ) '■= (*i> *2, h, ■■■ , t m ) te e{L,R}, (7.1.1) 

which we call "the ends of X" , as follows: Start with the empty sequence, unless the initial vertex 
of X is an external one, in which case we start with the side L for left or R for right. Every time 
we hit the left end (a left external vertex or the superposition of both) we add an L to the sequence 
E{X), unless E(X) is already nonempty with last term equal to L. Every time we hit the right 
end, we add an R, unless the sequence is nonempty with last term R. That is, the sequence records 
the order in which the path hits left and right endpoints, throwing out multiple hits of one side 
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before next hitting the opposite side. Put another way, it records which is the first side the path 
reaches, and the number of times it alternates from one side to another. 

Now, for any X G GP n Pq[k] of length k, with E(X) = (ti,^, • • • ,t m ), we can write X = 
Xiit 1 X2it 2 ■ ■ ■ H m Xm+i in the unique way such that X\ G Pq has minimal possible length, then for 
this Xi, X2 be of minimal length, etc. 

Finally, let us consider the places £ G {1, 2, . . . ,k} where X is "not going in the correct direc- 
tion." By "not the correct direction at £" , we mean that the path is headed away from the next 
endpoint i tm (=towards the previous endpoint «t m _ 1 ) appearing in the path. Precisely, suppose 
that X = (11CL2 ■■■ak and X hits the endpoint it m , at the time corresponding to when we add t m 
to the sequence, between a^-i and (i.e., if the last endpoint t m is hit at the very end, set 
l m := k + 1). Then, for all £\ < I < £i+i, we say that £ is a place where X heads in the "wrong 
direction" if ci£ 7^ ij+i. Now, for any X G GP D -Pq[&] of the form X = iXj for some i,j G /, 
let WD(X) C {1,2,... ,k} be the subset of places where X goes in the wrong direction. One 
easily sees that the size of WD(X) is the difference between k and the shortest path with the same 
endpoints as X (this makes sense since we assumed X had definite endpoints). 

Now, we may define X ~< Y if either #WD(X) > #WD(Y), or else #WD(X) = #WD(Y) and 
there is an order-preserving bijection <j) : WD(X) — > WD(Y) such that <j)(c) < c for all c G C(X). 
That is, the places where X goes in the "wrong direction" occur strictly before the corresponding 
places in Y. 

Now, we finally have the ordering we need such that the relations on (GP D pQ\k]) modulo 
which one gets IIq[/c] are confluent and give the desired elements as the normal form (one reduces 
as in the first part of this proof). So, the desired elements are linearly independent and form a 
basis of Hq, and since their images span gr Hq, they form a basis of gr Hq as well. 

Similarly to the vl n _i case, it is not difficult to deduce from the above procedure that Hq is an 
NCCI (that one has a unique reduction of Pq to words in the above basis and the relations iri). 
Also, it's clear from the above proof that for any of the basis elements, we can feel free to replace 
any of the Fu's in the z c c x,i,j by Fd's, and we will still be left with a basis. 

7.2 Proof of Theorem 11.1.21 for quivers containing D n Suppose Q is any quiver with a 
proper subquiver Qq C Q with Qq = D n , such that Qo has vertex set Iq and Q has vertex set /. 
Define rj := X^e/ * r ^' ^ x a ^ ores ^ C C Q \ Qo as in Proposition I4.2.2T1 

It remains to compute W C V, which is spanned by t]([X, e}) for X listed in Theorem 14.2.481 (i) 
and e G Qq such that Xe G fig := Yliei (cf. Proposition 14.2.251 (iii)). We can instead let e be 
one of Ljj, Lj), Ru, or Re>. 

First, we need to eliminate some of the commutators rj([X, e]). We prefer to eliminate those 
X = z Cj c xij with smaller c, so as to maximize the c of the remaining commutators. Essentially, 
this means continuing to use the filtration on A by powers of the ideal (LR, RL). 

First note the basic 

Lemma 7.2.1. If X is obtained from z c ,c,X,ij by changing a instances of RtjL to RqL or L\jR 
to L D R, then X = (-l) a z c ,c,x,i,j modulo {z c > jC ',x,i,j)c'>c- 

Proof. This follows from the fact that R\jL + RqL = RL, using the ideas in the proof of Theorem 
14.2.481 (i) (in the last subsection). □ 

We use this to write some relations which are deduced similarly to (|6.2.ip . (|6.2,2p . These will 
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allow us to express certain commutators in terms of commutators involving basis elements living 
in a smaller power of (li n i2Lli n , li n Li?li n ). 

Notation 7.2.2. We say that an equality holds "modulo commutators with higher powers of 
(li n iiLli n , lin-L-Rljn)" if the equation is true up to r\ of commutators with elements z c ',C",X',i'j'; 
where c' is greater than all the indices c which appear in the equation. 

Take C such that 2(n — 2) | C and C > 0. This is equivalent to the condition that a basis 
element of the form z C) c,x,i,i has either (1) i is internal and z C) c,x,i,i = z c,c-i,x,i,jX for some j (i.e., 
it ends in A); or (2) i is external. Pick any choice of i,X such that z c cxa is a basis element; let 
c > 0. Let X be defined to be X when i is internal (first case), and X otherwise (second case). 
That is, X is the last direction in z c ,c,x,i,i- One then computes, using (|6.2.1|) . Lemma 17.2.14 and 
Notation [7221 for c > 1, 

j 

+ E (-l)^v([z c ,c- m 'J'(L + R)i']) = 

{ ' i',j'eI \{ird,Hd},Ye{i,r} 

modulo commutators with higher powers of (li n i?Lli n , \- m LRl- m ), (7.2.3) 

which shows that we can eliminate the relations ^ ■ r)(\z c -i^c-\-i,x,i,j,jXi\). This says we don't have 
to consider commutators of basis elements z^ c' ,x' V ,j' i that end up going in the same direction X' 
they began in, with an arrow in the opposite direction X'. If i is adjacent on the A-side to 
external vertices, so that the sum contains two terms, then we can choose to eliminate the relation 
rj([z c -i : c+i,x,i,i X Di ixDXi]). Note in the above that the sums over all are effectively only over 
adjacent pairs i',j', and the j'(L + R)i' is just a shorthand for the unique arrow in Q from j to i. 

Also, the relation r]([z c -i j c+l,X,i,i xu ,ixuXi]) we left above can be interpreted simply as ex- 
pressing z c -i ) c+2,x,i,i as z Cj c,x,i xu ,i xu plus some multiple of r' = r/ - ^2 e£ Q (ee* - e*e) in the 
quotient V/W . So we can also eliminate this relation if we also eliminate the generator z c -i c+2,x,i,i 
from V . Actually, this paragraph is still true if C = 0, so we can also eliminate the relation 
f]([ z c~i,i,x,i,i xu ,ixuXi}) and the generator z c -x >2 ,X,i,i- 

Now, consider a basis element z Ct c,x,i,i such that 2(n — 2)\C and 2(n — 2) { (C — 2) (we dealt 
with the other cases in the last paragraph). In particular, i is internal and not adjacent to the 
end on the A-side. Let g = g(X, i) be defined to be the distance from i to the A-end. One has 
g = Q — (n — 2) L 2(r^-2) -I s i nce the F^-portion of the element z c ^c,x,i,i goes forward g units, loops 
U(ra^-2) -l times around the long distance of D n , and then moves g units forward back to i. We 
will show that (1) rj(\z Cj c-i,x,i,ji jXi]) = —rj([z cC _ 1 ^- v iXj\) modulo commutators with higher 
powers (in particular, modulo terms that begin and end closer to the external vertices on the A-side 
than i), and that (2) either of these (sums of) commutators can be taken to express z c ,C,X,i,i m 
terms of z c+rri: c-2m,x,j' ,j' for m > (and g(X, j') < g(X, i)); eventually this will reduce us to terms 
beginning and ending at an external vertex. 

We see that (1) follows from the identity 

[z c ,c-i,x,i,j,jXi] + [j(XX) c z 0! c-i,x,j,i,iXj] = [jXXj,z CtC -2,x,j,j], (7.2.4) 
and (2) follows because Tj([z C! c—i,x,i,j j j Xi]) — (z Ct c,x,i,i ~ z c+l,C-2,X,j,j) 6 [r'A]. 
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Similarly to (|7.2.4p . for C > 2 we can also show that r]([z c C _ IX - a XD ,ixDXi]) is in the span 
of other commutators (note that 2(n — 2) | C for this to be nonzero): 

[i(XX) c z 0>c _ lXijixD ,ixDXi) + [i{XX) c z^ c _ 1 ^.. xuJ ixuXi] + [z C:C _ 1: x iixDti ,iXix D } 

+ Kc-Wm.viXixu] = KXXyz^^XX], (7.2.5) 

which shows that 

^(Kc-i.X.vxd' ixoXi]) + v{K iC -ipc,i,i xu ^xuXi\) + v{[\ C -i^,i XD ^ iX i X D]) 

+ V([z c , c -i,x,i xu ,i> iXixu}) € V ([(l in RLl in , l in LRl in ) c+1 ,U Q ]), (7.2.6) 

so we can indeed throw out any one of these commutators: we choose rj([z c c _ l -jf i ix , ixdXi]). 

The only other commutators of the form rj{[X, e]) with X as in Theorem 14.2.481 (i) and Xe G IIq 
that we have not yet mentioned are those of the form r)([z c ^ t x,i,j , jXi]) where j is an internal vertex. 
Here we can make use of the identity, similar to the above: if i,j are internal, then 

v([zc,i,x,i,j,jXi}) =r]{[z c ^^ v iXj}), (7.2.7) 

and otherwise, 

E ^WW^)= E v([zc,i,x^ XY ,ix Y Xj]). (7.2.8) 

Ye{U,D} Y£{U,D} 

Thus, we can eliminate the commutators r)([z c ,i,L,i,ji jRi]) f° r * i>RD,j i>LD- Furthermore, in 
the cases i = IrdiJ = ^ld-, these commutators simply allow one to express z c fl^L,i RD ,i RD in terms 
of z cfi ,L,i RU ,i RU , and z c>0jRt i LDjiLD in terms of z c<0jR<iLU} i LU , so we can eliminate all commutators 
v([ z c,i,L,i,j, jRi]) along with the generators z cQ j£ ixD ixD for X € {L,R}. To summarize the result 
of the computation (with parenthetical English versions): 

1. We can eliminate z c c,x,i,i from the basis if i is internal and 2 (re — 2) \ C, thus passing to a 
subspace Vo C V (that is, we consider only cyclic paths that are a combination of loops at a 
vertex and long loops around the length of D n ); 

2. The only commutators we then need to consider, in order to span W n Vq (up to dividing 
certain relations by certain integers), and thus present Aq = Vo/(W D Vq), are 

(a) r]([z CtC ~i,x,i,j,j(L + R)i]) for 2(n - 2) | C and j £ {ild^rd} (we only need consider 
commutators obtained from the previous elements by separating the last edge off and 
writing the commutator), and 

(b) i]([z cAAid ,jLi}). 

In computing these, we use the following basic identities, which are similar to those for Ao,A n : 
First, note that, by the choice of orientation of D n = Qq in the previous section, in A = TIq, one 
has l in (LR -RL)l in = l ia {LR- RL + r/ )l in € (Q\Qo) 2 . So, letting r> := r h - E eGQo (ee* - e*e) 
(as in previous sections), we have 

R x (LR)i R = {R x LR)i r = {RLR-^ + RxLRx - R^LR^ir 

= ((RL)R T - R T r')i RY + Rxr'iRx; (7.2.9) 
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R(RL)l in = ({RL)R - Rr')l in ; (7.2.10) 

and similarly swapping left with right, and the element r' S TIq with —r'. We can use these to 
move an R (or L) past a power of RL (or LR), thus allowing one to compute rj([z c ^c-i,x,i,j , j Ri\) 
for X = R and i internal, or for X = L and i a right external vertex (and similarly swapping left 
with right). For i internal and j ^ ild a vertex adjacent to i on the left, one obtains 

V([ z c,C-l,R,i,j,jRi]) = z c,C,R,i,i ~ z c,C,R,j,j + ^2 i r ' Z c',C-l,R,i,j z c-cf-l,l,R,j,i\- (7.2.11) 

0<c'<c 

(We already noted that we can discard the relation in the case j = %ld-) 

For i € {iru i^rd} right external, one obtains the following. We use the simplified notation 

I % if C IS GVGH 

:= < _' ' where i is the other right external vertex from i. We'll need the same 

I i, if c is odd, 

definition for left external vertices later. 

>li. r -.C :./. ,.;•.//«'' ! = z c,C,L,i,i - V( z c,l,R,j,iM z O,C-l,L,i(c),j) 

+ E (-^^[^-i.M-Jj-^-i.w.iw]; ( 7 - 2 - 12 ) 

c'<c,eG{0,l} 

We simplify the RHS by noting 

, x ) z c,C,R,j,j, ifi^=i LU , 

"n\. z c,l,R,3,iS. a)Z ^C-l,L,^),j) = \ . v ., . fc1 . (7.2.13) 

[ ~ z c,C,R,j,j + Y, lf^ w =^LD, 

where F G (%f m ( n _2),c-2m(n-2),ii,ij)m>i (tha t is, Y consists o f "higher powers of (l in ALl in , l in LRli 

We can thus consider the above relations (|7.2.1ip . (|7.2.12p as eliminating for each a, b the basis 
elements £ c ,c,X,«,i (where i is not lower external) for all but a single pair (Xq,io) where io ^ 
{i-RD-i iiD}, leaving just a single relation. We can conveniently choose this relation to be the sum of 
(|7.2.11l) and (17.2. 12j) over all i <£ {zrd^ld} (with j ± i LD for fl7.2.11j> ). together with (-l) c times 
the sum of the commutators obtained from these by swapping left and right. This is zero if c = 0, 
so we can assume c > 1. By (I7,2.3j) . to include all of the commutators we discarded, we need only 
divide the resulting relation by ^ . 

We thus get the single relation (for all choices of c, C > 1 such that 2(n — 2) | C): 

S CC K C > 2{n-2)) ST^ n • r -1 , I lAcr r> n 
2^ ^(Kc-l^iJ^^J + (-1) [ z c,C-l,L,i,j,jRl\) = 

i,j£{iLD,iRD} 

irA{c 'f^ ] y. (-i)*'' +(c ' c ' )< ^ +s ''^ ,+i ^°[^, c - 1 ,x«w- 1 , 1 ^,,]+^ 

c',i,^;i^{uo,iH£)} 

(7.2.14) 



for appropriate choices of the sign ± as above, and where Y is in the span of products of terms 
z c i c' Xi',j' an d r', such that the sum of C"-degrees is strictly less than b. That is, Y is the image 
of a greater power of the ideal (li n i?Ll; n , l m LRl m ) than c (as is z Ct c,x,i,j for any X, In other 
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words, if we pass to the associated graded of Hq with respect to the filtration by powers of the 
ideal {l- m RLl m , li n Li?li n ) as in the previous section, and the associated graded with respect to 
the image of this filtration in IIq / \\\1q(Q \ Qq)TIq,TIq] n IIq), then we can eliminate the Y term 
and have an equality above. In any case, by induction on filtration degree, we will see that one can 
neglect the Y portion. 

We then expand the RHS in terms of the basis of V previously described: (1) the elements 
Zc,C,X,i,j from Theorem 14. 2.481 (i) : and (2) cyclic alternating products of elements z Cj c,x,i,j and 
monomials from Q\Qo not containing ee* for any e G G (the forest we picked as in Proposition 
14.2.210 : 

gc d(c c _ ) *{ c ^ 

£ (c 1 + l)s(c.,C.,i.,X.)[H r'z CmtCm ,x m , lm , lm+1 ]+Y, (7.2.15) 

(c.,C.,X.,i.,j.)\(*) m=l 
#{c} 

s(c.,C.,i.,X.) := {-\) c5x i' L Y\ (-l)^ lm ' 4 -RD +5im ' i -£.i?) +Cm ^fc>'™ B ' ; \ 

m=l 

where = # of times that an edge of the form Rzirz or Lz%lz 
appears in the factor Zck,Ck,Xk,ik>i>k+\i 

and Y £ (l- m RLl- m , l- m LRl in ) c+1 . (7.2.16) 

where the (*) in the first sum indicates that we sum only over distinct #{c.}-tuples of elements of 
Z>o x Z>o x {L,R} x I x I Q such that Yl c = c ~ #{ c -}>Sc = C> Cm > 1, Vm, and x m+ \ is 
always a forward direction that follows z Cmt c m: x m ,i m ,i m+1 (which can be upward or downward). We 
take indices modulo the length of the tuples (e.g. i#i c .}+\ = h)- 

Since Yltn=i B m is always even (because 2(n — to) | C), when we pass to summing only over 
distinct cyclic #{c.}-tuples, all of the contributing terms have the same sign, leaving us with 



;cd(c, 



c 



^ ^ reofc C.Xi i ) [ II r ' z c m ,c m ,x m , lm , lm+1 ] + Y, (7.2.17) 

(c.,C.,X.,i.,j.)\(*) yy ■' ■' '' ,J - ) meZ/#{c.} 

which now so closely resembles (|3.1.4p — ( [3.1.6P that it is straightforward to conclude that there 
is no torsion in the portion of Aq corresponding to C > 1. To be precise, consider the grading 
on IIq and Aq by length of paths, so that IIq [to], Aq [to] denote the subspaces spanned by paths 
of length to. Consider the filtration by powers of the ideal (li n -RLli n , li n Li?li n ) in IIq, and the 
filtration by the image of these powers in Aq. In the associated gradeds, gr HQ,gr Aq, let us 
denote the induced grading with parentheses, so gr IlQ(<?),gr Aq(<7) mean the span of multiples of 
(li n i2Lli n , l; n Liili n ) 9 modulo multiples of {l m RLl m , li n Li?li n ) 5 ' +1 . 

Then, the precise statement we infer from the above is that there is no torsion in gr Aq [to] (g) ex- 
cept possibly when 2g = m. For the latter case, we need only consider the span of [z c ,o,R,i,i], [ z c,o,L,i R y,i RY ]> 
and multiples of Q\Qo (with each z ct o x t % % having Xt = R unless i is right external, in which 
case each X t = L). Then, we mod by the relations T?([^ c -i,i,ii,ij, jLi}) for j ^ iRD,i ^ iiD, 
(we can ignore other commutators by our initial reductions), and by (XyieA-To * r ^)- When i and j 
are internal vertices, we can view this as eliminating z c ,o,il,i,i f° r an internal vertices except one, 
and expressing the other in terms of that one and multiples of r'. This leaves us with just two 
relations. Let j be the internal vertex adjacent to the left end. For convenience, let us replace 
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j,jLi LU }) by rj([z c 

— l,l,R,tLU J ' 

jLiLu]) + v([ z c-i,i,R,i LD ,j,jLi LD ]). (The added term is 
just what is used to eliminate the z Ct 2,L,j,i L Y we would otherwise need as a generator (cf. (|T.2.3|> 
and the following paragraphs.) Then this relation can be viewed as expressing z c ,o,-RJj hi terms of 
Zc,o,R,i LU ,i LU (recall we already expressed z C: o,R,i LD ,i LD in terms of the latter). This eliminates the 
generator z c ,o,.R,v for the last remaining internal vertex i. 

To express the final relation in terms of remaining basis elements, we take the sum over all 
adjacent i,j of T)([z c -i,iji,ij,jLi]). The result is 

J2v(i((RL) c -(LR) c )i) = [i((RL) c -(RL+r') c )i]+ £ (iLx(RL) c i LX -iRx(LR) c iRx), 

ieJo i&Io\i is internal Xg{L,R} 

(7.2.18) 

and only slight modification is needed to replace the terms z c $^i LD ^ LD and z c ,o,L,i RD ,i RD that 
appear above. 

The result is nonzero, since there exists a vertex i E To such that i is adjacent to an edge 
of Q\Qo; in this case, for every proper factor 1 / m | c, one has the term [i((RL)™~ r') m i], 
nonzero and independent of other terms in the expansion, with coefficient m. Hence, the gcd of all 
coefficients is one unless c is a prime power. We conclude that there is only torsion in Aq in prime- 
power degrees, where it is generated by the single relation (|7.2.18j) . In prime-power degrees c = p k , 
for much the same reason as in the ^4 n _i-case (by the similarity of (|7.2.18j) and (|3.1.4p - (|3.1.6|) : see 
the end of the proof for A n ^\), the torsion is a single copy of Z/p, generated by ^[r p ]. 

This completes the proof of Theorem 14.2.481 

7.3 Hilbert series for D n and (|4.1.14j) From Theorem 14.2.481 we deduce the 

Proposition 7.3.1. The Hilbert series ofioHjjio over any field, forio the extending vertex (i.e. an 
external vertex) of D n , and the Hilbert series of over characteristic zero, are given by 

1 t 2 1 + t 2n - 2 

Wlfi^io) = KA 3n ;t) = (1 _, 2w _ 4)(1 _ t2) " — 4 = (1 _ t 4 )(1 _ t 2n-4 ) - ( 7 - 3 - 2 ) 

It immediately follows from the above that one has the formula 

h(A 3n ;t)(l -t 2 ) = l + Y -^ Zi + - Y - ¥ , (7.3.3) 

which we can use to verify the formulas (16.3.4[) . fT6.3.5f) . Namely, letting C be the adjacency matrix 
of D n , one has 

(-> _ f 2n-4yi _ f 4\2 

det(l-t-C + t 2 -1) = ^— j \ } ■ (7.3.4) 

1 — t 2 

One then has from (|7.3.3p 

a m ~ %-2 = [(2n - 4) | m] + 2 [4 | m] - [2 | m], m > 3, (7.3.5) 
which implies the desired identity (|6.3.5p and verifies (|4.1.14|) for D n . 
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7.4 The Poisson algebra iqUqiq / the Lie structure on Aq for Q = D n As in Section 16.41 
the Lie structure on Aq can be described in terms of the Poisson algebra ioU-QiQ. In particular, by 
Theorem 14.2.601 we know that Aq Aq[0] © torsion(AQ) © (ioIlQZo)+, and by Proposition 19.2.11 
the second factor is central; the first is obviously central. It is also easy to check that the third 
factor is a Poisson subalgebra. 

We then compute the following: 

Proposition 7.4.1. Let Q = D n , and let io := im be the upper-left external vertex. Set X := 



ioz 2fi io,Y := io^o,2(n-2)^o, and Z := io^i,2(n-2)*o- Then, one has 

i U Q i ^ Z[X,Y, Z]/((Z 2 + XY 2 - 6 2]n X%Y - 8 2{n X^Z)), (7.4.2) 

{X,Y} = 2Z -6 2]n X^, {X,Z} = 2XY - 5 2{n X% , (7.4.3) 

o n n-2 n — 1 n-3 

{Y, Z} = Y 2 - 5 2[n -X—Y - 5y n —X—Z, (7.4.4) 

\X\=2, \Y\ = 2{n-2), \Z\ = 2{n-l). (7.4.5) 



Notice that, over Z[^], ioIlQio <g> Z[^] is generated as a Poisson algebra by X and Y. 

Proof. This can all be computed using the results of the previous sections. To see that the given 
relation is the only relation (i.e., the map in (|7.4.2p is injective), we can compare Hilbert series. The 
rest can all be computed using the basis. To compute {Y,Z}, it is easiest to compute everything 
else first, and then compute {Y, Z 2 } two ways: either as 2Z{Y, Z}, or using the formula (I7.4.2P for 
Z 2 , and then use that ioIlQio is an integral domain (which is easy to see from the filtration and 
bases) . □ 



8 Quivers of type E n and completion of the proof of Theorem [T7TT2] 

We prove Proposition 14.2.551 separately in the cases Eq, E-?, Eg, in the following subsections. 

8.1 Type Eq We first compute a basis for the ring A := Z(x, y, z)/((x 3 , y 3 , z 3 , x + y + z)) = i s Hi s 
(cf. Proposition I4.2.54[) . We do this by computing a Grobner basis for the ideal ((x 3 , y 3 , z 3 , x + y + 
z)) C Z{x,y, z), which we can do by computer using Buchberger's algorithm (we use MAGMA): 

Proposition 8.1.1. In the graded lexicographical order with x -< y -< z, the Grobner basis for the 
ideal ((x 3 , y 3 , z 3 , x + y + z)) C Z(x, y, z) is 

yxyx — xyxyx + x yxy + x yx , (8.1.2) 

y 3 , (8.1.3) 

y x + yxy + yx + xy + xyx + x y, (8.1.4) 

x 3 , (8.1.5) 

z + y + x. (8.1.6) 

By definition of Grobner bases we immediately deduce Proposition I4.2.55l (i). We will prove 
Proposition 14.2.551 (ii) for Eq,E^, and Eg simultaneously in Section I5T31 
As a result of Proposition 14.2. 551 (ii) . we deduce: 
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Corollary 8.1.7. We have 

$ 24 (f) = l_ t 4 +t 8 (1-t 24 ) 



h(i Ui ;t) 



(1 - t 4 )(l - t 6 ) (1 - t 6 )(l - t 8 )(l - t 12 ) ' v ' " ' 

Furthermore, one has the following partial fraction decomposition: 

2t 6 i 4 t 2 

h(i Ui )(l-t 2 ) = l + T -^ + T -^- T —^. (8.1.9) 

Proof. For the first part, we note that our basis above shows that h(ioTlio;t) = 1 + + 
(i-t ti Xi-f 4 ) • Putting this over the common denominator (1 — i 4 )(l — t 6 ), we get a numerator of 
1 - t 6 - t 4 + t 6 - t 10 + t 10 + t 8 = 1 - t 4 + t s = $2i(t) (the degree-24 cyclotomic polynomial). 

For the second part, one may explicitly verify the identity. Note that, since (1— i 6 )(l — i 4 ) = (1 + 
i 2 + t 4 )(l + i 2 )(l — t 2 ) 2 is a decomposition into relatively prime factors, one sees that /i(ioIIio)(l — t 2 ) 
must have a partial fraction decomposition with denominators 1 — t 6 , 1 — t 4 , 1 — £ 2 , and the above 
is one such. □ 

The meaning of the partial-fraction decomposition (|8,1.9p is again the identity (|4.1.14p (cf. Sec- 
tion !6.3p : setting h(ioTlio) = J2a m t m , we have 

a m - a m - 2 = 2 [6 | m] + [4 | m] - [2 | m], m> 2. (8.1.10) 

This bears similarity to the determinant of the t-analogue of the Cartan matrix: 

det(l - 1 ■ C + 1 2 • 1) = 1 M 9 1 . (8.1.11) 

1 — t A 

Indeed, ([8.1. 10p just says that 

II fl _ t m\a m -a m - 2 = II Q _ t 6 ) 2 (l - ¥)' (8.1.12) 

m>l V ; m>l v ' v ' 

Then, as in Section [6.3[ we verify (|4.1.14p in this case. 

8.2 Type E-j We first compute a Grobner basis for the ideal ((x 4 , y A , z 2 ,x + y + z)) C Z(x, y, z) 
(cf. Proposition I4.2.54|) . which we can do with MAGMA: 

Proposition 8.2.1. In the graded lexicographical order with a -< b -< c, the Grobner basis for the 
ideal ((x 4 , y 4 , z 2 , x + y + z)) C Z(x, y, z) is 

yx 2 yx 3 — xyx 2 yx 2 + x 2 yx 2 yx — x 3 yx 2 y, (8.2.2) 

yxyx + yx 2 y + yx 3 + xyxy + x 3 y, (8.2.3) 

x 4 , (8.2.4) 

y 2 + yx + xy + y 2 , (8.2.5) 

z + y + x. (8.2.6) 
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We immediately deduce Proposition 14.2.551 (i) for Ej. See the next subsection for the proof of 
(ii). As a result of (ii) we deduce the 

Corollary 8.2.7. One has the formula 

fc(«0H^; t) - (1 _ t6)(1 _ t 8) - (l_ t 8 )( l_ t 12 )(1 _ t 18)- ( § - 2 - 8 ) 

Additionally, one has the partial fraction decomposition 

h(i U^i ;t)(l -t 2 ) = l + + + ^ - ^ . (8.2.9) 



Since, letting C be the adjacency matrix of Ej, one has the formula 

;i-t 6 

T^t 2 



~ 2 . (l-t 4 )(l-t 6 )(l-i 8 ) 
det(l-t-C + t 2 -l) = - J -\ =^ S (8.2.10) 



i/ie identity ()4.1.14p is verified. 

8.3 Type Eg We first compute a Grobner basis for the ideal ((x 6 , y 3 , z 2 , x + y + z)) C Z(x, y, z) 
(cf. Proposition 14. 2 . 54]) . which we can do with MAGMA: 

Proposition 8.3.1. In the graded lexicographical order with x -< y -< z, the Grobner basis for the 
ideal ((x 6 , y 3 , z 2 , x + y + z)) C Z(x, y, z) is 



4 5 44 243 342 44 54 

yx yx — xyx yx + x yx yx — x yx yx + x yx yx — x yx y, 
yx 3 yx + yx 4 y + yx 5 + xyx 3 y — x 2 yx 3 — x 3 yx 2 + x 5 y, 



o Q 9 9 "3 4 

yx y + yx + xyx + x yx + x y + 2x , 
yxy — xyx — x 3 , 



y 2 + yx + xy + x 2 , 
z + y + x. 



8.3.2) 
8.3.3) 
8.3.4) 
8.3.5) 
8.3.6) 
8.3.7) 
8.3.8) 



We immediately deduce Proposition 14.2.551 (i) for the Eg case, which completes the proof of 
that part. As promised, we now prove part (ii) for Eq,Ej, and Eg simultaneously: 

Proof of Proposition \J- 2. 55\ (ii). First of all, note that the only short path from io to itself is the 
length-zero path, io (i.e. ShortPj 0i j = (io))- Then, by Proposition 12.2.101 the map i s ILi s — > 
ioIlio,f I— ► Pi i s fpi s i has image (ioITio)+ and kernel spanned by elements of the form xg,gx, 
g E i s IIi s . First, the basis elements that begin or end in x are killed. Conversely, for any basis 
element y, expressing xy in terms of basis elements consists only of terms beginning with x. On 
the other hand, yx might not consist only of terms beginning or ending with x: this can happen in 
the case that g = {yx d Y 1 (yx d ~ l Y 2 yx d ~ 2 y . In this case, yx is a sum of basis elements beginning or 
ending in x, and the element {yx d Y 1 (yx d ~ 1 Y 2+1 ■ Hence, we can simply eliminate the latter element 
from our basis, and we obtain the stated result. □ 
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Corollary 8.3.9. The Hilbert series of i^Tl^^o is given by 

$i2(*)$6o(*) = 1 -t 10 + t 20 _ (1-t 60 ) 

h(loU^o) - (l_ t 10)(l_ t 12) - (l- t 12)(l_ t 20)(l_ t 30)- ^ 8 - 3 - 10 ) 

Additionally, one has the partial fraction decomposition 

fc(ion^,io)(i - 1 2 ) = i + 3— ^ + j-p + Y~t™ ~ 13^2 • ( 8 - 3 - n ) 

Since, letting C be the adjacency matrix for E%, one has the formula 

detd-t-C + ^.l)^ 1 -' 4 " 1 -' 6 )' 1 -' 10 ', (8.3.12, 

1 —t Z 

the identity (|4.1.14p is verified. 

8.4 Poisson structure on ^n^io / Lie structure on Aq for Q = E n The Poisson structure 
on Ag was already described when tensored over C (Theorem 19. 1 . lj) : here we explain an alternative 
description over Z using the bases of Proposition 14.2.551 

Proposition 8.4.1. The Poisson structure of iqUqiq is given as follows for Q = E n . Let us use 
the notation of Proposition \4-2.55\ and define 



x : = PiaisVPisio, Y : = Pi i a y xd 2 ypisi i z ■= Pi i s y xd 1 v xd 2 ypi s i - (8.4.2) 

Finally, let us assume that all edges of the quiver Q are oriented towards the special vertex. 

(i) For Q = E 6 , we have i U Q i ^ Z[X, Y, Z]/((Z 2 + Y 3 + ZX 2 )), and 

{X,Y} = -2Z-X 2 , {X,Z} = 3Y 2 , {Y,Z} = -2XZ. (8.4.3) 

(ii) For Q = E 7 , we have i U Q i A Z[X, Y, Z]/{{Z 2 - X 3 Y + Y 3 )), and 

{X,Y} = -2Z, {X,Z} = 3Y 2 - X 3 , {Y,Z} = 3X 2 Y. (8.4.4) 

(in) For Q = E 8 , we have i U Q io Z[X, Y, Z]/((Z 2 + X 5 + Y 3 )), and 

{X,Y} = -2Z, {X,Z} = 3Y 2 , {Y,Z} = -5X 4 . (8.4.5) 

In particular, the homogeneous elements X, Y, Z generate io^Qio & s a graded algebra, and after 
tensoring over any commutative ring containing ^, X, Y generate as a Poisson algebra. We have 
\X\ = 2(d + 1), \Y\ = Ad, and \Z\ = 6d. 

Proof. This can all be verified by an explicit computation. To see that the given relation (e.g., 
Z 2 + Y 3 + ZX 2 for Eq) is the only relation, we use the Hilbert series computed in the previous 
sections. To compute the relation and the necklace bracket formulas, we used MAGMA, but it is 
also tractable by hand (and only requires computations in fairly low degrees). □ 



66 



We note that, in the above, the presentation in (i) of Eq is somewhat more inconvenient than 
the presentations of Eg since the latter have the form Z 2 = P(X, Y) for polynomials P in X, Y 
(i.e., ioHqiq is a direct sum of the part with odd degree in Z and the part with even degree). Over 
Z[^], one can fix this: 

Z> := Z + \x 2 , ton^io[i] - n\\ [X, Y, Z']/(((Z') 2 + Y 3 + \x% (8.4.6) 
{X, Z'} = 3Y 2 , {Y, Z'} = X 3 , {X, Y} = -2Z'. (8.4.7) 

Finally, we explicitly compute the zeroth Poisson homology of ioTlQ io ® F p where p is a bad 
prime for Qq, which will be needed to finish the proof of the main Theorem. We will prove the 
result for good primes in Section 110.41 

Proposition 8.4.8. Let (Qo,p) be one of the seven exceptional cases (Eq,2), (Eq,3), (Ej,2), 
(£7,3), (Eg, 2), (Eg, 3), (Eg,5). Let A := iqUqqIq be the Poisson algebra, and set A p := A (g> ¥ p 
and Aq := A®Q. If (Qo,p) 7^ (Eg, 2), then the zeroth Poisson homology HPq(A p ) = A p /{A p , A p } 
is given, as a graded A p p ^ := (f p ) f e ^ p -module, by 

HP (A P ) s (A p ^) + (2p - 2) HP (A p )o, (8.4.9) 

where HPq(A p )q is a trivial A p -module with Hilbert series < h(HPo(Ao);t). 

If (QoiP) = C^8>2), then we have a correction, related to the torsion element in HHq(Uq )[28]: 

HP (A 2 ) - ((A 2 ) + /(X))W(2)(BHP (A 2 ) , X = p lQls yp isl0 . (8.4.10) 

Proof. This is done on a case-by-case basis. In all cases, we can assume that the quiver is oriented 
as in Proposition l8.4.1l because for any e € Qo, letting (Qo) e be the quiver with the edge e reversed, 
there is an isomorphism I1q HrQ Q \ sending e to — e and fixing all other edges and all vertices, 
which induces a Poisson isomorphism ioIlQ zo ^> ioH(Q } e . 

Now, we show how to prove the proposition for the case (Eq,2), and omit the other six cases 
(which are all similar). Note first that, by Proposition I8.4.1i (i). a basis of ioTlQ io is given by 
{X a Y b ,X a Y b Z} atb > . We wish to compute the image of the Poisson bracket explicitly. Just as in 
the commutator case (in Lemma l3.1.2p . we may use the formula 

{f 9, h} = f{g, h} + g{f, h} = {/, gh} + {g, fh} (8.4.11) 

to reduce to computing Poisson brackets of the form {X, /}, {Y, /}, and {Z, /}. Next, by (|8.4.3p . 
we may compute, now over ¥ 2 '- 

{x, x a y b } = bx a+2 y b -\ {y, x a y b } = ax a+1 y b , {z, x a y b } = ax a - l y b+2 , (8.4.12) 
{x, x a y b z} = bx a+2 y b ' x z + x a y b+2 , {y, x a y b z} = ax a+1 y b z, {z, x a y b z} = ax a ~ l y b+2 z. (8.4.13) 

Now, it follows from this that the image of the Poisson bracket is spanned by the elements 

x a y b ,x a y b z, where a or b is even, and a > 2,6 > 0, (8.4.14) 
x 2a+1 y 2b (y 3 + x 2 z), a,b>0,xy 2b+2 ,y 2b+2 ,y 2b+2 z, a,b>0. (8.4.15) 
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In other words, the following gives a basis of HPq(A2): 

xy{x 2a y 2b ),xyz{x 2a y 2b ),xz{y 2b ),yz, z, y, x, 1. (8.4.16) 

It is easy to see that the last five elements are killed by multiplication by A 2 . The first three 
elements form a ^-submodule isomorphic to ((A2)+) 2 (2), which can be seen by formally adjoining 
an element r' in degree two and setting r'x 2 = xy, r'y 2 = xz, and r'z 2 = xyz. 

Finally, we note that HPq(Aq) = (xy, yz, z, y, x, 1), which can be computed directly, or directly 
with the help of [BEG04J, which shows that, in general, for a complex symplectic vector space V 
and a finite subgroup G C Sp(V), dim HP {C[V] G ) is finite-dimensional H □ 



8.5 Proof of Theorem 14.2.301 (completing the proof of Theorem ll.l.2|) 



Proof of Theorem \4-2.30 , First, in the cases that (Qo,p) is a good pair (p\ \Y\ where T C SL>2(C) 



is the finite group associated to Qo), the result follows from Theorem 13.2.131 it remains only to 
verify the statements concerning p-th powers and image of Poisson bracket. The statements about 
p-th powers follow from the form of the relations W a y. in particular, 

*W = Wj 6 (modp), hVptj = (^Wg; 1 ) (xnodp). (8.5.1) 

The statement about Poisson bracket (iv) follows immediately from Proposition 15.5.151 

Next, in the cases that Qo = A n or Qq = D n , the results follow from Theorems 14.2.4014.2.481 

by a similar analysis of the given relations. 

In the seven remaining cases {(Eq,2), (Eq,3), (Ej,2), (E?,3), (E$,2), (Eg, 3), (E$,5)}, we make 

use of the following claim, which follows from Proposition 18.4.81 (as we will explain): 

Claim 8.5.2. If I p is the image of the Poisson bracket, then 

t 2 h(i U Q i ;t) = Y J t 2p \Klp-y) + F{tv 1 )), (8.5.3) 
e>o 

where F(t) = h(HP (i Q U Q i ® F p ) ; t) < h(HP (i U Q i ® Q); t). 

Let us first use this claim. By Proposition 15.5.151 the image I p of the Poisson bracket must 
coincide with the projection of [HH°(ILq ), i IlQ io\ = [io^Qo^, «oIIq zo] mod [((r')) 2 ] + [((/)), Uq] 
to [r'HH (IIq )]. So, there exists I p C W which projects isomorphically to [r'ip]. In view of the 
observations before the statement of the theorem (given any relation in W, its p-th power must also 
be in W), it remains to find a space Up C HH°(ILq ) with Hilbert series h(U' p ; t) = F(t) - t 2pm ~ 2 
(where m is the smallest positive integer such that r^ m ^ is zero in Hq ), such that U' p is independent 
of I p , and a subspace U' CW which projects isomorphically to [r'U'], as well as to find the space 
W r and describe Wo, and then we would be done. 

The description of Wq is easy: it already has the desired form, except in the case of (Eg, 2), 
where it is not immediately clear that Wo [28] is saturated. However, this can be verified explic- 
itly (with the help of MAGMA): [x 4 y, x 4 yx s y] projects to 2x 4 yx 4 yx s y — x 5 yx 5 y = 2x 4 yx 4 yx^y — 



4 Also, as pointed out by P. Etingof, by a spectral sequence argument, the dimension is at least the dimension 
of the zeroth Hochschild homology of the Weyl algebra of V smashed with G, which by lAFLSOO] is the number of 
conjugacy classes of G which do not have 1 as an eigenvalue. This is just one less than the number of vertices of the 
quiver. One in fact has equality in our case, which is probably known. 
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\Pisio r 'PioisyPisio r 'PioisV\ m V ■> an d this is not a multiple of 2 (working over Z, the above relation is 
in fact not a multiple of any positive integer). 

It is clear what U' p must be, for Hilbert series reasons, and it is a subset of generators of the 
zeroth Poisson homology of iqUqIq © Q (note that iollQio (8> C = C[x, y] T ). The degrees of elements 
of Up are < 20 for E e , < 32 for E 7 , and < 56 for Eg. For these low degrees, the needed U p C W 
can be found (or its existence verified) using MAGMA. 

Finally, let us find W r . For each t > 1, define fi = p-fe, such that ft is any noncommutative 

1 £ £ £ 

polynomial in x, y which projects, modulo commutators, to -{(x + y) p — x p — y p ]. Our choice 

of fg = pfg makes it clear that, in fact, A pt ^ and ft have the same image in V/W. In particular, 
p[ft] = [fe] ^ W an d [/e] £ W' for t > m. Thus, it suffices to show that ft is independent of 
W' s © F p for all £ > m; to do this it suffices to show it for £ = m. In these cases, W'[|/ m |] <8> Q = 
HH°(IIq © Q)(2)[|/ m |] is one-dimensional; thus, it suffices to show that f m £ pV + [((r')) 2 ]. This 
we can explicitly verify with MAGMA. 

It remains only to prove the claim. In general, G(t) = ^^> H(t p ) iff H(t) = G(t) — G(t p ). 
This observation, together with Proposition 18.4.81 proves the desired result. □ 

9 The Lie structure of Aq j, part II 

9.1 The Lie structure on Aq for extended Dynkin quivers It is interesting to study the 
Lie structure in the extended Dynkin case. By Propositions 14.2.251 14.2.211 this allows one (in 
part) to describe the Lie structure on for any quiver. (In the Dynkin case, by Theorem 14.2.601 and 
Proposition 19.2.11 the Lie bialgebra is finite and abelian.) 

One interesting phenomenon in the extended Dynkin case is that Aq <g> C obtains not just the 
structure of a Lie bialgebra, but in fact a Poisson algebra. This can be explained using (|4.1.10[) . 
which gives an isomorphism HH°(U Q <g> C) HH (Uq) <g> C (one can also just take the projection 
of HH°(IIq C) mod commutators, as in Section 15. 5p . Furthermore, it is easy to see that the 
multiplication in the center endows its image with a Poisson structure together with the necklace 
bracket (without using anything about the quiver). As will be discussed in Section \TU\ in fact this 
Poisson structure is part of the BV structure on Hochschild cohomology of IIq. 

Using the Morita equivalence IIq (8) C ~ C[x,y] x T and Proposition 13.2.41 we know that 
HH°(Hq <g> C) = C[x,y] r , which has a Poisson structure obtained from the standard one on 
C[x,y] = SpecC 2 . In this section, we show that the Poisson structure on Aq <g> C coincides with 
this one. 

To do this, it is more convenient to work with iqUqiq rather than HH°(Uq). The former is 
still a commutative ring and the projection HH°(ILq ®C) — > iqUqIo (gC is an isomorphism. (Also, 
over Z, ioUQiQ is better to work with since the map ioHQiQ — > HHq(Hq) remains injective after 
tensoring by a field of any characteristic, unlike for HH°). 

Theorem 9.1.1. Let Q be an extended Dynkin quiver. 

(i) For any extending vertex iq, the composition C[x, y] r ^ i^IlQio <£> C ^> ((Aq) + © (io)) <8> C is 
a Lie algebra isomorphism, where T C SL(2, C) is the finite subgroup given by the McKay 
correspondence. Thus, equipping ((Aq) + © (io)) ©C with the multiplication from zoIlQio ©C 
(and equipping the latter with the necklace Lie bracket from the former), we obtain Poisson 

algebra isomorphisms. This remains true when we replace C by k = Z[jpr, el^T]. 
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(ii) Over the complex numbers (or any commutative ring in which the stably bad primes are 
invertible), 5 = 0. 

(Hi) Over the integers, Aq (as a graded Lie algebra over 7L) is just the direct sum (ioHnio) + © 
Aq[0] © torsion, where the latter two summands are abelian, and the first summand is iso- 
morphic to (Aq) + © 1 C (Aq)+ © C. 

(iv) Over the integers, the cobracket is nonzero for types D,E. Here, 5 vanishes on the torsion 
(Aq)+, and 5((i n Q i )+) C (i UQi ) + A {A Q ) tor . 

Proof, (i) H Kronheimer |Kro89] showed that SpecC[x,y] r is isomorphic, as a Poisson variety, 
to the quiver variety /x _1 (0)/GLd where n : Rep d (Q) — ► gl d is the moment map, and d is the 
imaginary root of Q (d, is equal to the dimension of the irreducible representation correspond- 
ing to i E I under the McKay correspondence). That is, the quiver variety is just the space 
SpecC[Rep d (n Q )] GLd . Now, one has the trace map tr : HH (U Q © C) -> C[i2ep d (n Q )] GLd , which 
is a Lie algebra homomorphism. Furthermore, it must be an algebra homomorphism using the 
identification iQliQiQ © C HHq(Uq © C), since the dimension d{ = 1 at the extending vertex. 
Hence, it is a Poisson homomorphism in this case. Composing with Kronheimer's isomorphism, we 
get a surjective Poisson homomorphism HHq(Uq © C) — > C[x, y] r , which must be an isomorphism 
since the two spaces have the same dimension. 

Alternatively, one can deduce the above fact by showing that there is a unique Poisson structure 
(up to scaling) on the ring C[x,y] r of degree —2, and making use of the isomorphism of rings 
ioIlQio © C A C[x,y] r from [CBH98] . Namely, any Poisson structure on C[x,y] r must give a 
Poisson structure on (C 2 \ {0})/r, which lifts to a T-equivariant Poisson structure on C 2 \ {0}, 
which must extend uniquely to by the analogue of Hartogs' Lemma. Or, algebraically, one can 
prove directly using the explicit structure of ioIlQio given in this paper (mostly all that is needed 
is the Hilbert series, which was already given in [EG06J) that there is a unique Poisson structure 
of degree —2 up to scaling. 

2tti 

To see that the above generalizes to k = %[wx, e |r| ], we can use the alternative argument from 
the last paragraph (or generalize Kronheimer's isomorphism to this case). 

(iii) The decomposition, as graded Z-modules, follows from Theorem 14.2.601 and the fact that 
the torsion is central is postponed to Proposition 19.2.11 To show that the decomposition is one of 
Lie algebras, we note that the Lie bracket of two elements of A in the image of ioTlQio must still 
be in this image. Thus, the Lie bracket on Aq is just obtained by restricting the Lie bracket on 
Aq © C to the integral form Aq © 1 C Aq © C, and taking the direct sum with the abelian Lie 
algebra generated by torsion. 

(ii) We compute the cobracket on (Aq) + © C. This immediately gives the more general result, 
because the image of 5 must be torsion. Hence, if k is any commutative ring in which stably bad 
primes are invertible, we have (Aq)^ © k = 0, so 5 must vanish. 

We would like to use (I5.3.2[) . which a priori can only be done by first lifting to Pq, where the 
double bracket is defined. However, let K := Ker(<5) C (ioI^Qio)+ be the kernel of 5, pulled back to 
(i nQi )+ using the injection (i nQZ )+ ► A + and projection A + (i I[Qi ) + . Then, we claim 

5 Thanks to Pavel Etingof for pointing out this simple proof. 
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that the map 



l,} aBiK :K®K^KAK, (9.1.2) 

K Hss,K = (Q® 6§ + p, a}}), (9.1.3) 

where 

q : P -» Hq is the projection, (9.1.4) 

yields a well-defined symmetric bilinear operation on K (note that § , ]} preserves (io-PQ-io)® 2 )- This 
follows because f)5.3.2[) yields the formula, for a,b S A, 

M SS ,K = W), (9-1.5) 

which is independent of the choice of a, b since the image of ab in (ioIlQio)+ is independent of this 
choice. 

If Kq C K is any maximal subspace on which J ss # vanishes, then pairwise products of 
elements of Kq must also lie in K, and these new elements must also commute with Kq under 
•{[, § SJS K using the double Leibniz rule. Hence, Kq must be a (nonunital) subalgebra of K. It thus 
suffices to show that K contains algebra generators of (ioIlQiQ) + , and that } as # vanishes on 
pairs of such generators. Equivalently, we must show that 6 vanishes on generators and pairwise 
products of generators. 

We may now show that this is true in each of the cases A, D, and E separately. In the A case, 
it is actually easy to check that 6 vanishes on (zoIIqzo)+ simply by using the basis {iox a y b io} a ^>Q 
from Theorem 14.2.401 However, we can also conclude this using Proposition 16.4.21 as follows. 
Clearly, 8(Z) = and 6(Z 2 ) = 0. Hence, 5(Z a ) = for all a. Also, 8(X) and 6(Y) must 
be sums of the form £ \ a ^ h Z a A Z b . Then, using the one-cocycle identity, = 8({X,Y}) = 
{6(X),Y®1 + 1®Y} + {1®X + X®1,8(Y)}, which allows us to conclude that 5(X) = S(Y) = 0. 
The same argument, replacing X by XZ, gives 5{XZ) = 0, and similarly 5{XY) = 0. Equivalently, 
IX, Z} ss K = {Y, Z} ss K = 0. Also, we have {{A, Y} ss K = 5{XY) = 5{Z n ) = 0. It remains to 
show 5(X 2 ) = 5(Y 2 ) = 0. Using 5({X 2 ,Y}) = 5({X 2 ,X}) = 0, we easily conclude as above that 
5{X 2 ) = 0, and similarly 5(Y 2 ) = 0. 

Next, for D, we may also do both approaches as in the A case, but now the second is easier, 
using Proposition 17.4. ll We must have 5(X) = 5(X 2 ) = 0, so 5(X n ) = for all n. Then, depending 
on whether n is even or odd, we have either 8(Y) = or 5(Z) = 0, simply for degree reasons. 
This implies that the other is zero, using 25(Z) = 5({X, Y}) = {X ® 1 + 1 (g> X, 5(Y)}. Then, we 
again have either 5{XY) = or 5(XZ) = for degree reasons, and then 26 (XZ) = 5({XY, A}) = 
{6(XY), X <g) 1 + 1 ® A} yields that the other one is zero. Hence, 8(X a Y) = 6(X a Z) = for all 
a > 0. Because of the quadratic relation, it remains only to show that 6(Y 2 ) = 6(YZ) = 0. By the 
one-cocycle condition, 6({Y,Z}) = (or, K is closed under the bracket). This implies 6(Y 2 ) = 0. 
Finally, = 6({X,Y 2 }) = 26(YZ). 

We now consider the E case, using Proposition 18.4. ll We have 6(X) = 6(X 2 ) = 0, so 6(X a ) = 
for all a > 0. Since \Y\ < 2\X\ - 2, we have 6(Y) = 0. Hence, 5(Z) = (since 6({X,Y}) = 0. 
Because <5({A 2 , Y}) = 0, we equally obtain 6(XZ) = and hence 6(X a Z) = for all a > 0. Next, 
{A, Z} = 3Y 2 - 6 nJ X 3 implies that 6(Y 2 ) = 0, and hence 5(X a Y b ) = for all a, b. It remains to 
show that 6(YZ) = 0, which follows from 6({X,Y 2 }) = (we have 6(Z 2 ) = using the quadratic 
relation). 
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(iv) In A itself, we know from Proposition 19.2.11 (in the next section) that the torsion is central, 
and vanishes in high enough degree. Then, by definition, the image of 5 on (ioHniQ) + must lie 
in (ioIlQio)+ A (Aq)^. One may explicitly compute that 5 is not zero in the D,E cases: in the 
D n case, either S(Y) or 5(Z) is nonzero, and of the form ^2(X a U A 2 ^) A X b for appropriate a, b 
(cf. Theorem 14.2.601 or Remark 110.2.361 on the notation). In fact, using the severe restriction on 
the image, it is not difficult to compute S completely (one can also use the one-cocycle identity if 
desired). □ 

9.2 Poisson center of Sym Aq^j In this subsection, we compute the Poisson centers of Sym Aqj 
for any quiver Q and subset of vertices J, which in particular includes the cases Sym Aq and 
Sym -Lqo In particular, over ¥ p , the center is entirely generated by vertex idempotents, powers of 
r, and p-th power operations (both on A itself and on the symmetric algebra). 

To prove this, we use reduced p-th power constructions: a noncommutative one for A, and (a 
version of) the usual one on Sym A. In more detail, we enlarge A to contain the images of maps 
if] l— > [f p ]/P i which make sense as derivations (in fact, on II). Then, F p -linear combinations of 
such elements act nontrivially on A. In fact, we will see that the usual p-th power map on A, and 
hence the reduced one, is injective, so [f p ]/p is a nontrivial derivation on A for all nonzero [/]. 

The noncommutative reduced powers in A in fact span HH 1 (I[q) (together with the Euler 
vector fields), at least in the non-Dynkin case, as we will see in the next section. In this section we 
prove a strong version of nonvanishing of these as derivations: they in fact are nonvanishing when 
descended to HHq(Uq). 

We begin by showing that the torsion of Aq is central with respect to the necklace bracket. 

Proposition 9.2.1. For any quiver Q and subset J C I of vertices, torsion(Ag i j) is central with 
respect to the necklace bracket and cobracket. 

Proof. If J 7^ 0, then Aq has no torsion (Proposition 14.2.21 j) . If J = and Q ^ D n or E$, 
then the torsion is spanned by elements A pes> (by Theorems 11.1.21 and 14 . 2 . 60]) which are central by 
Proposition 15 . 1 . 81 If Q = D n , then the torsion is spanned by elements of the form [f£\ + [fit], where 
[fi] is concentrated on the left side of the quiver (cf. Figure 2) and there is equal to the element 
[ z cfl,R,i LU ,i LU ] for some even c > 2, and [fn] is concentrated on the right side of the quiver and has 
the same form. Since {[z c ,o,R,i LU ,i LU ]) c>2,2\c 1S abelian (for instance, because iollf) io is a Poisson 
algebra under the necklace bracket), one easily deduces the result. Alternatively, one could say 
that the bracket must be zero on Az> n , and use that A^, — » Au n restricts to an isomorphism on 

torsion. Finally, in the case Q = E$, the torsion is spanned by central elements r^ p ^ and a single 
element in top degree of Aq, which must also be central. 

For the statement about cobracket, again we only need to show the statement for the elements 
[fh] + [/r] £ Ap^ and for the element of degree 28 in . Here, the argument follows for degree 
reasons, since in the D n case, A^ A A^, is zero in degrees 4m — 2 for 4m < 2(n — 2), and similarly 
in the .E^-case, A^ g A A^ g is zero in degree 26. □ 

Theorem 9.2.2. Let (Q, J, k) be any triple of a quiver, a subset of vertices, and a commutative 
ring k. 

6 In [CBEG07] , the Poisson centers of Sym Lq and Sym Aq were computed for non-Dynkin, non-extended Dynkin 
quivers, over a field of characteristic zero, using representation spaces. 
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(i) (a) If char(k) = p > where p is prime, then the Poisson center Z(Sym Aq^j ® k) is given 

by 

Z(Sym A QtJ k) = Sym Z(A Q ,j <g> FeSym Aq >j8k , (9.2.3) 

where = [/]&•••&[/] is i/ie symmetric power of f with itself p times. Furthermore, 
the center of the Lie algebra Aq^j ® k is given by 

Z{A Qy] <g> k) = (i^i) + (A Q ,j) p _ tor + <[/ p ]> /e n Q , (9.2.4) 

where (AQ t j) p -tor * s the p-torsion of Aq ; j, given by Theorem \ 1.1.21 or (in the extended 
Dynkin or Dynkin case) Theorem \4- 2. 60[ or = if J ^ 0. 

(fy) If char(k) = (again as a commutative ring), then the Poisson center of S^to^Aq j(8>k) 
is 

%m k ((i/i)+torsion(A QiJ ))®( ((AQ i j) p _ tor .&5 2 /m(([/ p ]) /G n Q + (i ?&p )Fe5 ! / m A QiJ ®k))) • 

p prime 

(9.2.5) 

(ii) The p-th power map Aqj®~W p — > A^jfSFp, [/] i— > is injective if Q is non-Dynkin, non- 
extended Dynkin, or if J ^ 0. ^4Zso ; modulo torsion, the p-th power map (AQj)j ree ® F p — > 
(Aq ; j) / ree (8> F p is injective for all (Q, J). 

We will prove (i).(a). Part (i).(b) follows easily from it, in view of the fact that Aq^j can never 
have p 2 -torsion (by Theorem |1.1.2[) . It suffices to consider the case k = ¥ p . 

We consider a noncommutative divided-power construction (since the only symmetry is cyclic, 
we only divide [z n ] by n rather than n\). First, note that 

[{f + g) pl ] = [f pe \ + [g pl \+ £ p e ~ m [H(f,g) pm ], (9.2.6) 

(Wfa)],m) 

where the pairs (H(f, g),m) range over cyclic monomials [H(f, g)] of degree p l ~ m which have period 
p£-m (i_ e-) are no ^ p-th powers of other cyclic monomials). This motivates considering the space 
obtained by adjoining ^ times the p -th powers in Aq, which will give us more nonzero derivations 
under the adjoint action. 

Definition 9.2.7. Suppose A is any associative algebra over Z (or Z( p )), and A + C A any ideal 
with Ci™ =1 A™ = 0. Let (HH (A))^ ]tA+ C HH (A) ® Q be the sub-Z (or Z (p) )-module obtained 
from HHq(A) <g) 1 by adjoining — [f p ] for all / € A + . When A+ is obvious, we will omit the A + 
from the notation, and write (HHq(A))^. 

Since {[/H, [5]} = p e [n(fg, /l)/ p_1 ] where /i is the usual multiplication U QyJ ® U.Q t j -> IIq^, 
and since torsion is central by Proposition 19.2.11 we obtain a natural action 

ad : (Aq,j)\p] -> Der Lie (A Qi j) ^ Derp ois (Sym Aq,j). (9.2.8) 

The latter subscripts indicate Lie and Poisson algebra derivations, respectively. 

Remark 9.2.9. We could instead define a Z- version of the above, byAg^ := AQ^j-\-^ £>2 (j[f e ]) f £ jj Q J . 
We do not need this. 
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Remark 9.2.10. We could equally work over any commutative ring of characteristic p, in which case 
the p-th power operation becomes Frobenius-linear. 

Next, we do the usual divided power construction for Sym Aq ; j, except modified to only divide 
by n rather than n\ (since we are in the infinitesimal, or derivation, setting): 

Definition 9.2.11. For any prime p and Z- or Z( p )-module V, define 

(Sym V)[p] := (Sym V + E^^VeSym v), (9.2.12) 

e>i p 

where the expression in parentheses makes sense similarly to before (as a sub-Z or Z( p )-module of 
SymU®Q). 

As before, if L is a Lie algebra over Z whose torsion is central, one has a map ad : (Sym L)[ p ] — > 
Derp j s (Sym L); more generally, if V — > Derij e (L) kills torsion, then (Sym V)[p] — > Der p G j s (Sym L). 
Now, one may consider the map 

ad : (Sym (A Q ) b] ) H -> Der(Sym A Q ® F p ). (9.2.13) 

Using the following basic lemma, we rephrase the question to one that behaves better under 
induction: 

Definition 9.2.14. For any Z>o-graded Lie algebra L, let Z^L) be the subspace of elements 
commuting with sufficiently-high degree elements: 

Zoo = {z e L \ 3N > s.t. {z, L[> N]} = 0}, (9.2.15) 

where L[> N] := J2 m >N L[m]. More generally, if p : V — > Der^j e (L), then let Z^yiL) := {z E V \ 
3N>0 s.t. p(z) ■ L[>N] = 0}. 

Lemma 9.2.16. Let L be any graded Lie algebra over k := ¥ p . Then, 

Z(Sym k L) C 5 2 /m k Z 0O (L)&(F & f } F eSym k L, (9.2.17) 
and Sym^Zoo is a Poisson subalgebra. 

Proof. For any element z G (Sym k L)[ p ] of total degree N, any homogeneous element / of degree 
> N that commutes with z must also commute with the contraction of <f> with z for any (f> € 
Sym L[m]*,m < N. Inductively, we find that z lies in the span of products of individual elements 
that commute with /, and p-th powers of other elements. Hence, if z is central, it must lie in the 
given space. □ 

Using the same proof as above, we have a [p]-version, which allows us to get rid of p-th powers: 

Lemma 9.2.18. Let L be any graded Lie algebra over 7L, such that torsion(L) is central. Letting 
Z(s ym L)y p] <gw p (Sym L(g)Fp) denote the elements of (Sym L)j p ] (g>F p that induce a zero derivation on 
Sym L (g) F p , we have 

Zoo,(Sym L) [pl ®w p (Sy™> L®F p ) C Z (Sym L)[p]<S)¥p (L ®F p ). (9.2.19) 
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Note also that, using the same proof as above, in the case that k = Q, we may conclude that 
Z(Sym Q L) C Sym (Q Z 00 (L). 

The theorem then follows from the stronger statement: 

Proposition 9.2.20. In the case k = ¥ p , 

£oo((AQ,j) b] ) = Z((A QiJ ) M ) = {jir e i). (9.2.21) 

Specifically, the proposition above proves the theorem for k = ¥ p , from which the rest follows. 
To prove Proposition 19.2.201 we use a series of lemmas. The first one allows us to reduce to the 
case where J = in a precise way: 

Lemma 9.2.22. // Proposition \9.2.2U\ holds for (Qj l5 /, J2) for f 3> (meaning when f takes 
sufficiently large values) and J\ D J2 = 0, then it also holds for (Q, J\ U J2). 

Proof. By (an easy generalization of) Proposition 12.2.81 Aqj iV jj 2 = AQ j j lU j 2 /(ir)j g j 1 is the inverse 
limit of Aq^ ^ j 2 as / ranges over maps / : J\ — > Z>o- Also, for any /, Aq^ Ja is a quotient of 
Aq,j 1 uJ2 • These maps are induced by maps of algebras ^-q i j 1 \j,j 2 -» ^ J2 so preserve all p-th 
power constructions. Hence, ^^((Aq^^^)^) must map to Z^^A^^ ^ j 2 )\p])- Now, fix m > 1. If 
we take / such that f{i) > m/2 for all i, then Aq^ ^ j 2 [ m ] — ^Q,JiUJ 2 z ')ie.7i,i>l- Now, given 

the assumption of the lemma, for any m > 1, the m-th graded component of the Z 00 ((AQ ) j lU j 2 )r p i) 
must lie entirely in the desired space. On the other hand, it follows from Propositions 19.2.11 and 
15.1.81 that the desired space is central, so we deduce the lemma. □ 

We will use below the following basic fact: 

Proposition 9.2.23. // Q is non-Dynkin or J 7^ 0, and k is any field (or 7L), then Hq.j <S> k is 
prime, i.e., adlgy 7^ for any x,y. If Q is extended Dynkin and J = 0, then IqUqiq <g> k is a 
(commutative) integral domain. 

Proof. This can be proved directly from our bases, and is particularly easy if J 7^ using Proposition 
14.2.211 In the case that Q is extended Dynkin, it is also a result of [BGL87]; and the non-Dynkin, 
non-extended Dynkin case with J = may be deduced from the extended Dynkin case using 
Proposition 14.2.251 The last statement follows from the first. □ 

Next, we establish the base case of the induction (when Q is extended Dynkin): 

Lemma 9.2.24. If Q is extended Dynkin and f € (zoIIqzo)^ <S> ¥ p , defined by 

(i U Q i ) [p] = (i U Q i + J2{^f pt )fet a n Q i ), (9.2.25) 
then {/, ioflgio ® ¥ p } is infinite- dimensional. 

Proof. We first reduce to showing that / is not central. Since ioTlqio ® ¥ p is an integral domain 
(Proposition provided that {f,g} ^ 0, then {/,^5 m } = g m - l {f,g} is nonzero. Also, 

io = (ioTLQio)[0] is central. Hence, if / € (ioILQio)^ does not commute with iqILqiq ® F p under 
the bracket, then there exists a g € ioTlQio ®¥ p of positive degree such that {/, g} 7^ 0, and then 
{/, ioTlQio (g) F p } must be infinite-dimensional. 
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Now, suppose that p is a good prime for Q (that is, p is not a factor of |T| for the corresponding 
group r C SL2(C)). Letting k = ¥ p , by Theorem 19, 1 . 1 1 (i) . we may work with the Poisson algebra 
k[x, y] r . If we remove the singular point, we have an etale covering A|\{(0, 0)} -» (A|/T) \{(0, 0)}, 
where A^/T := Spec(k[x, y] r ). Since the Poisson bivector for {,} is nondegenerate on k[x,y], it 
must also be nondegenerate on this last space, and hence any / E T(U) for any Zariski open set 
U C (A?/r) not containing zero, can be in the kernel of {, } iff df = 0. Using divided powers, 
df / for any / ^ in (ioH-Qio)^. Hence, we deduce the result. 

In the case that p is not a good prime, we can use the bases of this paper. The result follows 
easily from Theorems 14.2. 40 | 14.2.481 in the case that Q is of type A, D, respectively, and for type E, 
one need only check primes 2, 3 (and 5 for type Eg). This was checked by hand using Proposition 
18.4.11 less than a page for each of Eq,Ej and Eg (it suffices to show that an element / G iqUqiq 
which is not a p-th power is not central, so nothing involving divided powers is needed). □ 

Now, let Q 2 Qo where Qq is extended Dynkin (still with J = 0). We will define some ui 
versions of W' := W n [((r'))] and V' :=V D [((r'))], in the language of Proposition 14.2.251 

Definition 9.2.26. 

V 'p] ■= EkW/rt)/^), (9-2.27) 
%]--={(®'W)nVfa), (9.2.28) 
where, as before, the Z-modules obtained above are considered as sub-Z-modules of V ® Q. 

To complete the proof of Proposition 19.2. 2TJI we show that the elements of V/ , ®F P which induce 
a zero derivation under ad on Aq are spanned by WL, ®F P and a subspace of [IIq\q 0! / ] projecting 
to such central elements of {&q\q i )\p]i wri ich we will then inductively show must be zero. 

We will need to consider the associated graded of V/i <8> F p modulo [((?"'))*]. We have that 

^[((r'HK] ® C Qihy^y ® ¥ p ( mod I (9-2.29) 

Lemma 9.2.30. Let Q 2 Qo / or Qo extended Dynkin, and let us consider Aq, as decomposed in the 
notation of Proposition \4~l~2. 25\ If z E VJ^i <8)F p and the projection of z modulo ((Q- [((0) 2 ])nVr p i)®F p 

does not lie in {[r f HH°(U Q )} n Vjj) ®F„, ffcen z G Z Mi w ' (Aq ® F p ) on/y if z £ [n Q \ Qo) j ] ® F p . 
Proof. Consider the following computation of Lie bracket, for f G IIq and Uj G IIq\q ,7 : 

n 

{[r'gr'h], [/itii • • • /„%]} = ^[gr'hfim ■ ■ ■ + [hr'gfim ■ ■ ■ fi-Wi-x] 

i=i 

- [figr'huifi+Wi+i ■ ■ ■ fi-iUi-i] - [fihr'guifi +1 u i+ i ■ ■ ■ /»_iiit_i], (9.2.31) 

as elements of gr [((r)) .] (V^ <g>F p ). 

If any of the following are satisfied: 

• n > 2, 
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at least one of the Ui is linearly independent with r', or 



• there is an element f# ^ HH°(Uq ), 

then for g, h of large degree, with \g\ S> \h\ S> \ fi\ for all i (and not commuting with any fixed 
noncentral /j/), all of the summands above are linearly independent, unless (/i, . . . , /„), as a cyclic 
sequence, has period strictly less than n (using Proposition 19.2.23]) . Note that it is easy to obtain 
such g and h since they exist in some degree, and then we could multiply by appropriately large- 
degree central elements. 

Suppose now that •••,/«) is a cyclic sequence with period q, and let n = mq, so that 
[fi r ' ■ ■ ■ fq r '] m - Then, we can rewrite the above as m- the sum of Aq linearly independent terms (at 
least as elements of V), by replacing the sums with sums from i = 1 to q. Furthermore, for any finite 
collection of distinct cyclic sequences {fj,i)iLi of periods qj, such that \g\ S> \h\ 3> \fj,%\ for all j, i, the 

4<Zj resulting distinct summands appearing in the RHS of (|9.2.31h are all linearly independent 
as elements of V. Also, their images must be linearly independent as elements of Aq ® F p since 
the projection to the associated graded by the filtration [((r'))*] does not intersect ©£> ([ r/ nQ ] p<? 
(mod [((r')) p + ])), unlike WL ® ¥ p (|9.2.29|) . Hence, if any F p -linear combination of the images of 
the elements [f jX r' ■ ■ ■ ff n /] in Vfa has a nonzero projection to [T((n Qo ) + ® v (n Q \ Qoi/o ) + ) + ] ® ¥ p , 
it cannot lie in Z^y (Aq (8) F p ). This amounts to the desired statement. □ 

Next, we refine the description of the space W through p-th powers given in Theorem 14. 2. 301 

Lemma 9.2.32. We may choose the basis {gi/} U {fi}£>m of W given in Theorem \4-2. 3(j\ (iv) 
(satisfying g^f = gf Q (mod p), (|/f) p = pfi+i (mod p)) so that we additionally have 



where on the RHS we are considering multiplication byp^ to give a map V/j — > V' = V'<S>1 C V'®Q. 
Furthermore, the elements \gi/, \fi project to a basis of¥ p ® [r'HH°(TlQ )] modulo ¥ p ((Q • 



Proof. Fix any g = g^Q. Note that g p has the desired form (|9.2.33|) . so it suffices to show that 



gi,iep e V( p] , freifvfa, 



(9.2.33) 



/ eW+ipVnptv/X 



(9.2.34) 



Suppose that g is the image of the element 




(9.2.35) 



in V 



Vn((r')). Then, 




(9.2.36) 



as an element of Aq , is of the form 




(9.2.37) 



fc=i 
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for some elements g' k G TIq, and hence also 

e 

9 pl =Y,P h ykf~ k ) (modtn (9.2.38) 
k=i 

Next, we have that g pl G [((V))]- Considering the above mod p 2 , we find (using Proposition 19.2.23]) 
that, taking the images g' k G V of the g' k in V, g[ G [((r'))] + pV, so we may assume that g[ G [((f'))] 
up to modifying g' 2 . Then, inductively, we may assume that all of the g' k G [((?"'))] except for g' e . 
But then, we also deduce that g' e G [((r'))]. Thus, we obtain (|9.2.34[) . 

For the elements fi, the corresponding statement follows from the proof of Theorem 14.2.301 
(Section El]). 

Finally, to see that the elements \gi^, ^fe project to a basis of [r'HH°(HQ )] (g) F p modulo 
Fp (g> ((Q • [((y')) 2 ]) l~) ^[p])> ^ suffices to show that they project to linearly independent elements 
(since the Hilbert series matches, cf. Proposition 14.2.29]) . But, if their projections were not linearly 
independent, then some F p -linear combination would give a nonzero element of (WLnQ- [((r')) ])<3 
F p , which would additionally have to induce a zero derivation on Aq (g> F p (by Proposition 19.2.1]) . 
But this contradicts Lemma 19.2.301 □ 

We may now deduce the 

Lemma 9.2.39. We have Z^y^^Ag <g> F p ) C W( p] + [n Q \ Qo>Jo ]. 

Proof. If any element of ® ¥ p commuted with large enough degrees of ( Aq ) ^ , then it would 
have to lie in ([r'HH°(U Qo )] + [((r')) 2 ] + [n Q \Q 0)/o ]) <8 F p (by Lemma [9X3Q]) , and after adding 
elements of WL ® ¥ p , could be made to lie in ([((r')) 2 ] + [^-Q\Q ,i ]) ® F p (by Lemma E232]) . By 
Lemma 19.2.301 again, it would then have to lie in [nQ\Q 0j / ] ®F p . □ 

Finally, we may complete the proof of Proposition 19.2.201 and hence Theorem 19.2.21 (i): 

Proof of Proposition 1 9. 2. fTJl Using Lemma 19.2.221 let us assume that J = 0. By Lemma [9.2.24] we 

are done if Q is extended Dynkin, and by Proposition 19 . 2 . II we are done in the Dynkin case. So let 

us assume that Q D Q with Qq extended Dynkin. Then, let us use the notation of Proposition 

14.2.251 an d try to compute Z^^^ (Aq ®F p ). By Lemma T9.2.24I again, it suffices to compute 

Z^o y (An®¥ p ). By Lemma l9,2.39] it suffices to show that Proposition 19 . 2 . 201 is true for (Q\Qo, Io), 
' [p] 

or equivalently, for the connected components thereof. So, in this way, we may always reduce from 
(Q,0) to the connected components of (Q \ Qo,Io) and hence to the connected components of 
{Q \ Qoi />$)> using Lemma T9.2. 221 By doing this, we always replace Q by quivers which are less 
combinatorially complex: precisely, after trimming the ending branches in Q and the new quivers 
to length one (by an ending branch, we mean a line segment which intersects its complement in 
the quiver at a single vertex of valence > 3), the new trimmed quivers are always strict subsets of 
the trimmed Q. Thus, eventually, we can reduce to the case of quivers whose trimming is Dynkin 
or extended Dynkin. If the former, the quiver must be star-shaped with three branches, or a single 
line segment (Dynkin of type ^4). In the latter case, we can reduce further unless the quiver is 
star-shaped with three branches. If the resulting quiver is Dynkin, we are done; otherwise, one 
more application of the above procedure (with Qq of type E n ) reduces to line segments (quivers of 
type A). This completes the proof. □ 
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Proof of Theorem 1 9. 2. 2[ ( ii). (ii) This follows from the above construction: inductively, the given 
p-th power maps are in fact injective, since they are injective on {Ko)f ree for Q extended Dynkin 
or Dynkin (the latter is a trivial statement, and the former follows from (Ag)j ree = HH°(IIq) 
and that the latter is an integral domain). Then, the inductive argument above gives the desired 
result. □ 



10 Higher Hochschild (co) homology, cyclic homology, and the BV 
algebra 

10.1 Higher Hochschild (co)homology and Z(iUi ® k) Using our computation of HHo(U) 
over Z, one may easily determine the Hilbert series of all Hochschild homology and cohomology 
groups over any field. To do this, we need one result: 

Theorem 10.1.1. Over any commutative ring k, we have 

(i) If Q is extended Dynkin, then HH°(Uq ® k) A ioTlQio ® k under the projection map. In 
particular, the Hilbert series of the center does not depend on k. 

(ii) fCBEG07j If Q is non-Dynkin, non-extended Dynkin, then the center HH°(Uq ® k) = k. 
Thus, this Hilbert series also does not depend on k. 

Equivalently to the above (given the case o/k = Q), for any non-Dynkin quiver Q, HHi(T1q) is a 
free TL-module. 

(Hi) More generally, for any non-Dynkin quiver Q on vertex set I, and any commutative ring 
k ; the projection HH°(Uq ® k) — > HH°(iIlQi ® k) is an isomorphism for all i € / (so 
HH°(iIlQi ® k) does not depend on i). 

(Note that, while [CBEG07J mainly deals with the characteristic zero case, the results used 
there for part (ii) of the theorem are valid in any characteristic.) We will prove the first part, and 
as a result give a new proof of the second part, using our bases. In the process of the proof, we will 
actually prove the more general (iii). 

As a consequence of the above and Theorems 11.1.21 14.2.601 we deduce the structure of all higher 
Hochschild homology and cohomology over k when Q is non-Dynkin: 

Corollary 10.1.2. For non-Dynkin quivers, the graded k-module structure of Hochschild homology 
and cohomology o/n Q ® k is as follows: HH m (U Q ® k) = HH 2 - m (U Q ® k)(2), HH°(U Q ® k) is 
given by Theorem 1 10.1. 11 and 

HH^ILq®*.) ^HH°(Il Q ®k)®(HH (n Q ) fTee (-2)®k)® (HH (U Q ) tor (-2)® Hom z (F p ,k)), 

p prime 

(10.1.3) 

HH 2 (U Q ® k) E* k ® HH (U Q )(-2), (10.1.4) 
HH m (U Q ® k) = HH m (n Q ®k) = 0, ifm> 3, (10.1.5) 

where HHo(UQ)t or is the torsion part and H Hq(Hq) f ree = H Hq(IIq) / H Ho(YlQ) t0 r is the free part. 

Furthermore, the natural maps HH'(Hq) — > HH'(IlQ®\i) and HH,(JIq) — > HH,{JlQ(^'k) are 
almost surjective, with cokernel concentrated in degree 1, given by projection onto the third direct 
summand in (|10.1.3p . 
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Note that in the extended Dynkin case, we have that HH (U Q ^k) + , HH°(U Q 0k) + , HH 2 (T1q® 
k)_|_, and HH 2 (Hq ® k)+ are all isomorphic when ^ £ k (or, more generally, when the stably bad 
primes for Q are invertible in k). For the proof, we use the following well-known result ( [VdB04] . 
cf. also [Gin05j . §20): 

Proposition 10.1.6. lVdB04f Let A be any associative algebra over a field, of finite Hochschild 
dimension ( =A has finite projective dimension over A e = A ® A op ), for which 

HH n (A,A®A)^ l A lfn=d ' (10.1.7) 
I 0, otherwise, 

for some d > 0. Then, HH n (A, A) ^ HH d ^ n {A,A) for all n (and HH n (A, A) = HH n {A, A) = 
for n > d). 

The algebra IIq ® k is known to satisfy the above property for d = 2 whenever Q is non-Dynkin 
(and k is a field, or actually any commutative ring). In fact, it satisfies a stronger condition: it is 
Calabi-Yau of dimension 2 (cf. [Gin06j, Definition 3.2.3): 

Notation 10.1.8. For any algebra A let A e := A® A op . 

Definition 10.1.9. For any algebra A and bimodule M, let M ! := RHom j 4e(M, A e ). Furthermore, 
for any map of ^4-bimodules / : M — > N, let f' : N' — > M ! denote the functorially induced map. 

Definition 10.1.10. [Gin06] An algebra A of finite Hochschild dimension is said to be Calabi-Yau of 
dimension d if there is a quasi-isomorphism (in the derived category) / : A((d)) ^> RHom^e(^4, A® 
A) such that f'oi = f((—d)), where t : A — » RHom^e (RHom^e ( A A ® A), A® A) is the natural 
map, and the shifts ((— )) here are in the derived category. 

It is well-known that IlQ(g>k is Calabi-Yau of dimension 2, but for later use we give an argument. 
It is enough to show that IIq has the following special "self-dual" resolution: 

o — - iiq ® (r) ® n Q u Q ® (Q) ® u Q — n Q ® n Q ^ n Q (10.1.11) 
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o n Q <s n Q — n Q ® (q>* ® n Q — ^ n Q ® (r)* ® u Q — ^ n Q ® (r)*, 

such that V'^ = V , 2 _1 - We consider the top horizontal row to be in nonpositive degrees (—2,-1, 
and along the central three positions), and the bottom row to be in nonnegative degrees (0, 1, 
and 2 along the central three positions), so that the isomorphism is indeed an isomorphism of the 
top complex shifted by two with the bottom complex. The isomorphism immediately gives the 
quasi-isomorphism / : A((d)) ^> RHom j 4e(A, A ® A) for A = Uq and d = 2, and the self-dual 
property shows that f'ot = f((—d)). In particular, IIq is Calabi-Yau of dimension two over Z, 
and the property remains true when applying ®^k for any commutative ring k. 

It is easy to verify the properties of the diagram using the fact that IIq is an NCCI (only the 
leftmost exactness is not obvious, and follows from the NCCI condition). 

Finally, we note that the vertical isomorphisms here are in fact graded isomorphisms of degree 
—2, so that IIq is Calabi-Yau in the graded sense if by the latter we mean / : A((d)) ^> RHom^ (A, At 
A) is a graded isomorphism of degree —d (the shift here is only in the derived category, and doesn't 
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affect the grading). Thus, the diagram immediately gives a graded version of the [VdB04j duality 
in our case: HH m (TlQ ® k) = HH n ~ m (TlQ ® k)(2), over any commutative ring k, as stated at the 
beginning of Corollary 110.1.21 

Proof of Corollary \10.1.2i First, we note that the above is true in the case k = C: if Q is extended 
Dynkin, the Hilbert series is well-known, using the Morita equivalence TIq <8> C ~ T ix C[x,y] and 
Proposition 13.2.41 In the case that Q is non-Dynkin, non-extended Dynkin and k = C, the above 
follows from [EG06]. Hence it is also true for k = Q. 

Note that a direct way to obtain (I10.1.3P in the case k = Q is using HH 1 (J1q ® Q) = 

HHi(U Q ® Q) (by the Calabi-Yau property) and the sequence -> HH 2 (TIq ® Q)-^HH 1 (U Q <g> 
Q) — > HHq(Uq ® Q) with B the Connes differential, which is shown to be exact in |EG06 ] . Lemma 

3.6.1. 

It remains to extend to all other commutative rings k. By Theorem 110. Lit the Hilbert series 
of HH°(U Q ®k) = HH 2 (Jl Q <g> k) is independent of the choice of field k. S ince, over Z, HH* is 
computed by a chain complex of free Z-modules (and HH* by a cochain complex), by the universal 
coefficient theorem for homology, HH\ and H H 2 (equivalently, HH° and HH 1 ) must be free Z- 
modules. Also, for any commutative ring k, HH°(TLq (g>k) = ff.£f 2 (n<g (g) k) must be free k- modules 
and have the same Hilbert series as before. (Note: one may also determine directly that HH\(TIq) 
is torsion- free using the Anick resolution (|4.2.5p . and it essentially comes to the same computation 
as the proof of Theorem llO.l.ll ) 

The final statement about base change Z — ► k follows immediately from the universal coefficient 
theorem (more generally, any base change can be assumed to respect the decomposition (|10.1.3p ). 

□ 

Proof of Theorem 1 10.1. 11 First, we prove (iii) when Q is extended Dynkin, which also proves (i). 
We will use the fact that, for any central element w G Z(T1q), the multiplication by w map / i— > wf 
is injective, which follows for example from Proposition I9.2.23| even after replacing TIq by TIq ® k 
for any field k. In particular, the projection maps Z(Uq) — > Z{iU.q{) are injective for all i (there 
is also a direct argument to prove the latter using the structure of the extended Dynkin quivers). 
It remains to show surjectivity, for which we construct an explicit inverse. 

For now, we work over Z. Let i G I be any vertex. First, Hq/((i)) has finite rank, since cutting 
off any vertex yields a Dynkin quiver (or a union of two such). Now, we would like to say that this 
makes HIqi "almost" Morita equivalent to Hq, at least for the purpose of computing center (note 
though that HIq is not a projective in^i-module if Q ^ Aq). We consider the map 

vr : Z{U Q iU Q ) -> Z(iU Q i), x ^ ixi. (10.1.12) 

We would like to construct a right inverse 7r _1 : Z{in.Qi) — > Z(JIqHIq): this would be immediate 
if HqHIq were equal to TIq using Morita theory, but in our case takes some work. First, the 
map is injective (again by Proposition I9.2.23|) . so it suffices for any z G Z(iTlQi) to construct 
z' G ZiJlQiTlQ) such that iz'i = z. 

For any z G Z(iU.Qi), consider the map 

X z : U Q iU Q UqiUq, fig ^ fzg. (10.1.13) 

We show that \ z is well-defined. For any z G Z^Uqz), the above gives a well-defined map X z : 
PqiPq — > Hq^Hq since fzgih = fz(igi)h = f{igi)zh = figzh. Then, X z kills PqiPqC\ ((r)), since, 
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if fig G ((r)) C Pq, then in Uq, fzg(Ui) = 0, but by Proposition 19.2.231 this shows that fzg = in 

n Q . 

Next, we use properties of the center Z(T1q), which we understand at least after tensoring by 
Q (e.g., (jlXToD). 

Restricting (I1U.1.13I) to Z(Uq)' := Z(U Q ) n U Q iU Q , we get a map Z(U Q )' -» n Q . We claim 
that the image lies in Z(JJq). First, we note that the image centralizes ((i)): if fig G Z(ng)' 
and z G Z(iYlQi), then (/ zg)(hih') = (fig)(hzh') = (hzh')(fig) = (hih')(f zg). Next, we use that 
Hq/([iJ) is finite-dimensional, and that for any w G Z(Uq), the multiplication map -w : Uq — > I1q 
is injective. Thus, for any element / G Uq, there exists w G Z(IIq) such that G ((z)), and then 
any element z G Z(HIqi) commutes with fw, and hence (again using injectivity), with /. This 
proves the claim. 

Next, let k be any field, and w G Z(Hq)'. Let z' := in the fraction field of Z(Uq) ® k. 

Since X z (v)w = v\ z {w) for all v G Z^IIq)', A 2 coincides with multiplication by z' . Next, since 
Z (Uq) / Z (JIq)' has finite rank, multiplication by z' is well-defined on Z(Hq)[N] <8> k for large 
enough degree N. However, if Z(Uq) (8) k is smooth in codimension one, this would imply that 
z' G Z(Uq) <g> k, since otherwise the divisor of z' would contain a pole, and there exist elements 
of arbitrarily large degree which do not vanish on any given divisor. We can easily verify that 
Z(Uq) <8 k is smooth in codimension one by using its presentation as a quotient of k[X, Y, Z] 
(cf. Propositions 17.4.11 18.4.11 and Z n = XY for the A n _\ case — these presentations are all well 
known), or in the case that k is in good characteristic, since this is true for k[x,y] r . Thus, 
z' G Z(T1q) tg) k and multiplication by z' coincides with X z on Z(Uq)' <g> k. Hence, \ z coincides 
with multiplication by z' on all of ((i)) (8) k (again, since X z (f)w = fz'). We deduce that iz'i = z, 
and setting tt^ 1 (z) := z', we have constructed the desired right inverse to n. Furthermore, this 
right inverse actually lands in Z(TLq) (in fact, Z(ILq)' = ZCRqUIq) by our reasoning). This proves 
Theorem 1 1 . 1 . 1 1 in the extended Dynkin case. 

Let us now consider the non-Dynkin, non-extended Dynkin case Q D Q with Qq extended 
Dynkin, and with vertex sets I D Iq. We show that Z(iIiQi <& k) = (i) for all i E I. We use the 
notation of Proposition H~2, 251 which fixes a section Uq of Hq -» Hq - Suppose z G Z{iIlQi(3~k) + 
is nonzero. Let w G Z(JIq ® k) = Z(TLq ) 0k be any element of degree larger than z, which lifts to 
the element w G Uq <8> k. Let x, y G Uq (8) k be any elements such that ix(r'wr')yz ^ (guaranteed 
to exist by Proposition 19.2. 23]) . Then, we claim that F := (ix(f'wr')y) cannot commute with z. We 
have that Fz ^ 0, and may be written in terms of the free product Hq * Uq\q o j of Proposition 
14.2.251 as a sum of terms of the form /i/ 2 • • • f m wf m+1 • • • /„ where f m , f m+1 G U Q \ Qo j , and 
|/i| + • • • + \ fm\ = \x\ + 2. On the other hand, if zF is nonzero, its sum in terms of the free product 
* ^1q\q j cannot include any terms of the previous form: if it includes anything of the form 
fgh where g G Hq [|w|], then |/| > \x\ + 2 + \z\ > \x\ + 2. So zF cannot equal Fz ^ 0. This 
contradicts the assumption that z G Z(iHQi (g> k) + . □ 

The above does not extend to higher Hochschild cohomology. For example, when k = ¥ p and p is 
a stably bad prime for an extended Dynkin quiver Q, then one may check that H H 1 (ioUQio^k.) has 
some new derivations which do not come from HH 1 (J1q (gik). Nonetheless, one has an isomorphism 
when restricting to positive degree: see Theorem 110.2.391 In general, there seems to be a close link 
between the Hochschild (co)homology of Uq and that of iU.Qi when Q is non-Dynkin, which would 
be interesting to understand better. 
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10.2 Outer derivations and deformations of IIq ® k Next, we interpret HH 1 (JIq ® k) and 
HH 2 (IIq ® k) in terms of outer derivations and deformations, respectively. In the process, we will 
obtain an explicit version of the identifications in Corollary 110.1.21 

Since HH 3 (Uq ® k) = 0, formal deformations of IIq ® k are unobstructed and classified (up 
to gauge equivalence) by HHH 2 (Hq ® k)[[/i]]. The explicit realization is easy and is essentially the 
same as the k = C case from |CBEG07| . §10: 

Proposition 10.2.1. One has an explicit identification between HHq(IIq ® k)[[7i]] = HH 2 (IIq ® 

k)[[/i]] and gauge equivalence classes of deformations of Uq k as follows: Let HHq(Uq ® k) C 
ITq ® k be any set-theoretical section of the map Uq ® k -» HHq(Uq ® k). For f 6 HHq(JIq ® k) 

denote by f £ HHq(JIq ® k) the associated element. 

Then, to any series F := Ylm>i fmh m € hHHo(UQ (g)k)[[/i]], consider the algebra (Uq (8)k)i? := 
(Pq ® k)/((r - F)), where F := t m >i 

The above map F i— » (IIq ® k)_p yields the desired isomorphism. 

Proof. The result boils down to checking, for infinitesimal deformations, that the induced map 
HHq(J1q ® k) — > HH 2 (I1q £g> k), F i— > </>i?, is an isomorphism. First, HH 2 (ILq <£> k) may be realized 
(using (jlO.l.lip ) as a quotient of IIq ® (r)* ® k = Hom((r) ® k, IIq ® k). Then, we see that the 
isomorphism HH (Uq ® k) A HH 2 (U Q ® k) given by (|10.1.1ip takes exactly the above form, and 

in particular the induced map does not depend on the choice of lifting HHq (IIq ® k) . □ 

As in [CBEG07J, we can write the above as giving a versal (or miniversal) deformation, but 
there is nothing new to say. 

10.2.1 Outer derivations of IIq ® Q (the rational case) To study HH 1 (Hq ® k), we will 
make use of the following map (which we will show in Theorem 110.3.11 is the BV differential, in 
view of Proposition 110. 2"T]) : 

Definition 10.2.2. Let D : HH (U Q ® k) -> HH l (Yl Q ® k) be given by 

n 

D[aia 2 ■■■an] = / J a-i+i ■ ■ ■ Oi-it(oi), (10.2.3) 
i=l 

where 

,(e) = A ; t(e *) = _^ ; fore eg, (10.2.4) 
and, by definition, for any e £ Q, F G (e s Pg-e 4 ) ® k, and any b±, . . . ,b m & Q, 

A m 

(F ■ ^){hb 2 ...b m ):=J2 b l--- b i-i( F ■ Ke)k+i ■■■b m . (10.2.5) 

i=l 

Note that (| 10.2.3|) does not give a well-defined derivation, but does give a well-defined outer 
derivation (cf. Remark I5.4.7p . 

Now, we consider the case k = Q. We have 
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Proposition 10.2.6. Let k = Q and let Q be non-Dynkin. The decomposition (|10.1.3p can be 

explicitly realized by 



hh^Uq®®) = (hh°(Uq ® q) • Eu) e (D[f]) [f]eHHo (Ti Q m) + - ( 10 - 2 - 7 ) 

Proof. It is easy to verify that multiples of the Euler vector field are well-defined derivations. We 
claim that no nonzero element in the span above (for any fixed choice of representatives of (D[f] 
as derivations) is an inner derivation. Then, since the above span has the correct Hilbert series, we 
must have the desired equality. 

The claim follows from the fact that the above elements act nontrivially on HHq(Hq <g> Q), 
using the formulas 

[D[f](g)]={[f},[g]},yf,geU Q , (10.2.8) 
D[i zi](z 2 ) = {z 1 ,z 2 },Vz 1 ,z 2 € HH°(Uq) where Q is extended Dynkin, (10.2.9) 

where the second formula uses the (normalized) Poisson bracket we defined on the center (Corollary 
15.5. lip . The second formula follows from the first. The fact that the D[f] act nontrivially is a 
consequence of Theorem 19.2.21 and the fact that D [f] + z ■ Eu acts nontrivially for z ^ follows 
from (D[f] + z ■ Eu)[f] = zEu([f}) # 0. □ 

Remark 10.2.10. We could give an alternative argument, using the exactness of the Connes differ- 
ential over Q (hence of the BV differential D), by Lemma 3.6.1 of |EG06j . Then, the result follows 
from the explicit computation of D in Theorem ll0.3.1l thus bypassing the use of Theorem 19.2.21 and 
giving a simple argument that D[f] + z ■ Eu can never be an inner derivation if [/] or z is nonzero. 
The fact that its restriction to HHq(Uq (g> Q) is nontrivial is stronger and requires Theorem 19. 2. 2i 

Next, we compute the cup product HH°(n Q ®Q)® HH 1 ^ ® Q) -> HH l (H Q ® Q) (now we 
assume Q is extended Dynkin, since otherwise this cup product is just multiplication by scalars): 

Proposition 10.2.11. Let z G HH°(Uq ® Q) and assume that z, f are homogeneous. We have 

m it? 'tp , nifi \f\D[zf] + {[f],z}Eu , in010 v 

zUzEu = zzEu, zUD\f\ = — , (10.2.12) 

\z\ + |/| 

where the bracket {{f],z} is the Loday bracket L <® P — » P defined in Section UTB, and {{f],z} G 
HH°(I1q <g) Q). 

Proof. It follows from the definition that, for any derivation 9 € HH 1 (JXq <8> Q), z U 6 can be 
represented by the derivation z U 9(g) = z9(g) for all g £ Uq (8) Q. Thus, the first formula is 
immediate. For the second, it suffices to show that the two sides are the same when evaluated on 
the center HH°(Uq (g> Q) (cf. the proof of Proposition 110. 2.Tj) . That is, we need to show that, for 
A,B,C eHH°(U Q ®Q), 

A{B, C} = ^L^{AB, C} - B }C, (10-2.13) 

which, using the Leibniz rule, can be rewritten as 

Eu(A){B, C} + Eu(B){C, A} + Eu(C){A, B} = 0. (10.2.14) 
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It is enough to show that this formula holds after tensoring by C, when we may identify HH°(Uq <g> 
C) with C[x,y] r with the usual Poisson bracket. It clearly suffices to show the formula for C[x, y] 
with the usual bracket. Let det(x a y b , x c y d ) := ad — be. We then need to show that, for monomials 
A,B,C€C[x,y], 

\A\ det(B, C) + \B\ det(C, A) + \C\ det(A, B) = 0, (10.2.15) 
which is just the identity (for A = x a y b , B = x c y d , C = x m y n ) 

f a + b c + d m + 
det I a c m I = 0. (10.2.16) 



b d n 



□ 



10.2.2 HH 1 {Hq ®k) where k is torsion-free and Q is extended Dynkin We may use the 

above formula to deduce the structure of HH 1 (Hq k) and the cup product with HH°(Hq ®k) in 

the case that k = ^[ppr, e^T] (or a field in good characteristic containing the |T|-th roots of unity): 
Definition 10.2.17. Let the "half Euler derivation" be defined by 

HEu:=^2e-^-. (10.2.18) 

eeQ 

Note that HEu just multiplies a path by the number of edges from Q that it contains. It is 
straightforward to verify that HEu(r) = 0, and hence HEu defines an element of HH 1 (Uq) for 
any quiver. Also, if Q is a tree, or a bipartite graph with all edges oriented from a fixed subset to 
the other, then Eu = 2HEu. If Q is any quiver such that HHq(I1q)[2] ® Q = 0, it follows that 
Eu = 2HEu as elements of FH^ITq). 

Proposition 10.2.19. Let Q be an extended Dynkin quiver with associated group T. 

(i) Over k = Z[-Ar], there exists a (noncanonical) linear map O : HHq(JIq ® k) — > HH°(Uq <g> 



k) • Eu such that we have the decomposition 

l/l 



HH 1 (Uq (g) k) (Eu) © ( ^777— — ) [f]eH H (n Q ®k) homogeneous, (10.2.20) 



and the formula 

;y M s ai« (m „d^(n^k)U E „). (10.2.21) 

l/l \ z \ + 1/ 1 

(ii) OverTL, (jl0.2.20f) may be corrected to 

HH\U Q ) ^ (HEu) © (a / [/1 " 9[/1 ), (10.2.22) 
for some 6 : HH (U Q ) HH 1 ^) ■ HEu, X [f] E Z, 

and where [f] ranges over a particular homogeneous TL-basis of HHq(J1q) f ree . Here, if Q = 
A n —\, then Arji = 1 for all but a one-parameter family of basis elements, and for Q of type 
D or E, then Anh = 2 for all but a one-parameter family of basis elements (in these cases 
■2 X j for all f j. 
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Proof, (i) Existence of such that the above elements lie in i2 r .E2 rl (IlQ®k) (i.e., such that D[f]— 0[/] 
is divisible by |/| in HH 1 (ILq <g> k)) follows in the case that Q is not of type A from from (|10,2.12p 
and the fact that generators of HH° (Hq (g> k) as an algebra lie in degrees which are factors of some 
power of |r|. In the A n _i case, we will say more (and the result already follows if we replace k 
with k[i]). 

It remains to show that the above elements span HH 1 (IIq (g) k) over k. To do this, we use the 
fact that HH^Uq <8> k) ^ H H 1 (k[x , y]) T , by Proposition [3JL1 So, if we prove the given result for 
the latter, then the explicit identifications of Proposition [3~.2,4l give us the result for the former. But 
HH 1 {\<l[x, y\) = k[x, and it is easy to compute that the above is a correct decomposition. 

So we deduce the result. Also, (jlO.2.21 j) is an immediate consequence of (jl0.2.12|) . 

Let us work out the decomposition explicitly on the level of k[x, y], which will give us the A n _x 
case (and more). Setting Eu := x-j^ + y-^, and HEu := x-^ in this case, consider the formula 

:= HEu{z) = ^ (10.2.23) 

xy 

which we extend linearly to all of k[x,y]. We then have the following strengthened version of 
(|10.2.2ip : 

D\z] - Biz] D\zz 2 ] - Q\zz 2 ] „ , 
Z2 U 1 J , , 1 J = , , , J , dy\z; (10.2.24) 

\z\ \Z\ + \Z2\ 

D[x n ] D[x n z 2 ] - Q[x n z 2 ] x n z 2 

z 2 U = — : h^u (10.2.25) 

n \x n \ + \z 2 \ y 

It follows immediately from the above (since D[z] has order \z\ modulo Eu) that H H 1 (k[x , y]) is 
spanned by k[x,y] ■ Eu and { \~\ ) ze k[ x , y ]- 

We prove the formula (|10.2.24p . from which (|10.2.25|) (the only reason (|10.2.25p is needed is to 
avoid terms of the form ^—). We have, by (|10.2.12p . 

I inr l HEu(z)z 2 r 1 

„ ii ntl~\ z D[zz 2 xy {z,z 2 j nn^^R^ 

z 2 U D (z) = , ... . ; — pr - + i — i7i — ; ; — ft • Eu, (10.2.26) 

\z\(\z\ + \z 2 \) \z\ \z\(\z\ + \z 2 \) 

so it remains to show that (for z = x a y b , z 2 = x c y d ): 

a + c ad -be 



a + b a + b + c + d (a + b)(a + b + c + d) 
or that 

det ( \ ? + C ^ = det ( ? ^ , (10.2.28) 
which follows from a row and a column operation. 

27TZ 

It follows that, for any quiver Q with associated group T, setting k = Z[iL, eTT]), we can 
compute HH 1 (IIq ® k) by finding the T-invariant elements in the span of the above k[x,y] • 
Eu, — ^-ttj— — • We also remark from (|10.2.24[) that, if we adjoined the elements HH°(Uq <8>k) _1 -Sti 
to HH 1 (JXq eg k), then we would be able to pick G so that (|10.2.2ip is an equality (by extending 
the first formula of (|10.2.23p to the case y\z, and hence obtaining (|10.2.24p for all z). 
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Finally, for Q = A n -i, we may use the same formulas as in the k[x, y] case, where x is now the 
sum of counterclockwise edges (=edges of Q) and y is the sum of clockwise edges (=edges of Q*), 
in the notation preceding Theorem 14.2,401 It follows from (|10.2.24p that H H 1 (Hq <g> k) is in this 
case spanned by \s.[x, y] ■ Eu and EM^®M for z G k[x, y] r = k[x n , y n , xy\. This completes the proof. 

(ii) We extend to k = 7L as follows. In the A n -\ case, restricting z to range over monomials in 
x and y, the only correction needed is that D M^®M mus t be multiplied by A[ z ] := n in the case 
that z G {x mn ,y mn } is a concatenation of long cycles (and in these cases, @[z] = 0). For other 
basis elements z = x a y b with a,6 / 0, we set A[ 2 ] = 1. It then follows from the reasoning in the 
proof and the Poisson bracket for A n ^\ that the resulting elements are linearly independent over 
¥ p for any prime, including the bad primes, and thus give a Z-basis for HH 1 (Hq). Note that, in 
this case, we can continue to use Eu rather than HEu (since HEu = ~- p N/]+- E " ) - 

In the D and E cases, we need to be a map HH (U Q ) free -> HH°(U Q ) ■ HEu rather than 
Eu, since all elements have even degree. For the same reason, we need 2 | Am for all [/]. In 
(|10.2.12p . we will always have 2 | gcd(|/|, \z\), and most elements of HH°(Uq) can be written as a 
product fz with 2 = gcd(|/|, \z\); so by using cup product of HH°(Hq) with D(HHq(Hq)) we will 
in general be able to obtain Ar^i = 2 for most basis elements [z]. We specialize to the cases of D 
and E to complete the description. 

For Q = D n , restricting z to be an element of the form [z c> c,R,i ,i ], we multiply by 
4 in the case that z = 2 c ,o,R,io,jo an d by 2(n — 2) in the case z = Zo,c,R,io,io (here iq = inj, say). 
In these exceptional instances, we again have Q[z] = 0. The other basis elements (as in Theorem 
I4.2.48P can be equipped with Ar^i = 2 for suitable choices of 6. 

For Q = E n , let us use the notation X, Y, Z, d of Proposition 18.4.11 We restrict z to be an 
element of the form X a Y b , X a Y b Z, or X a Y b Z 2 (the latter are not needed rationally or in good 
primes, but we will need them here). Then, we need to multiply ^Mz^Ig] by \X\ in the case 

z = X a , by \Y\ in the case z = Y b , by gcd(|X|, \Y\) in the case z = X a Y b and ji / 6 (for n = 6 
this gcd is 2), and by \Z\ in the case z = Z. Note that the exceptional cases can be limited to a 
one-parameter family (using the cases z = X a Y b Z 2 ), as in the A and D cases. Finally, although 
the above elements do not form a basis (only a spanning set), we can easily reduce it to a basis. 

We omit the remaining details of the above verification, which can be done using the explicit 
formulas for Poisson bracket (Propositions 16.4.21 17.4.11 and I8.4.1|) . The only thing to check is that 
O exists making the above linearly independent derivations on HH°(I1q) ® F p when p \ \T\. □ 

Note the above also gives a generalization of Lemma 19.2.241 in the proof, we saw not only that 
the given elements HEu, A[y] 51L^1H fo rm a F p -basis of HH 1 (Hq) ®¥ p (and hence any nontrivial 
Fp-linear combination does not vanish), but that these elements do not vanish when restricted to 
the center; so they do not kill iqUqiq ® ¥ p . As a special case, restricting to the span of fractions 
of D[HHq(IIq)], we get Lemma T9.2.24I as follows: the basis elements [/] for which p \ ©[/] must 
not be divisible by p, and the ones for which p I ©[/] have the property that p I •4-L iff z is a p-th. 
power. 

We will further generalize this in Theorem 110.2.39"! where we will see that HH l {IL Q k) is m 
fact isomorphic to HH 1 (HH®(JXq (8>k))[> 0] (we don't need the > if k does not contain p-torsion 
for p a stably bad prime). 



87 



10.2.3 .ST/ 1 (Tig g) k) when Q is non-Dynkin, non-extended Dynkin, over Z Thanks to 
Theorem 19.2.21 (i) and the fact that HH 1 (J1q (g> Q) is mostly spanned by the image of -D, the non- 
Dynkin, non-extended Dynkin case is easier than the extended Dynkin one. We may work over Z 
without exceptions: 

Proposition 10.2.29. If Q is non-Dynkin, non-extended Dynkin, one has 

D\f n ] 

HH 1 (n Q ) A (HEu) (-^-i) /enQ • (10.2.30) 

Proof. We know that D[HHq(ILq)] injects into HH (ILq) yielding a rational isomorphism. 
First, the saturation of D[HHq(ILq)] is equal to D ^ ^ since these certainly define derivations, and 

by Proposition 19.2.201 if we tensor by F p for any prime p > 2, any nonzero element of (— ^-^) (B> F p 
yields a nonzero derivation over F p ; so the space is saturated. 

It remains only to show that HH^(LLq)/ { —^ - ) is spanned by the single element HEu. This 
follows from the computation of the Connes differential in the next section, which just sends HEu 
to 1 G HH°(U Q ) and kills (^jp); however, we give a direct argument: HEu + D[f) + ^T) \g 2 ] is 
not a multiple of any integer > 2 for any / G IIq[2], g G IIq[1], because as a linear operator on (Q), 
it is not a multiple of any integer > 2. In particular, in terms of the basis Q, the sum of matrix 
coefficients e i— * e and e* i — >■ e* is 1 for any e G Q. □ 

10.2.4 ffi? 1 (n Q <g)k) in the case k has torsion In the case that k may contain torsion elements, 
the third direct summand of ()1Q. 1 .3[) may be nontrivial. In fact, the decomposition is apparently 
noncanonical: the canonical part is the first two direct summands, which compose the image of the 
first map in the following exact sequence: 

HH\Uq) ® k — HH l (U Q ®k)^ HH\Uq ® k) 3 Exti(HH (U Q ), k), (10.2.31) 

where HH 1 (J1q (g) k) 3 is (abstractly) the third direct summand of (|10.1.3p . The cokernel of the 
map HH 1 (JIq) (8>k <^-> HH 1 (IIq ® k) is spanned by elements i 7 (g) k, where i 7 is an operator of the 
form 

F := ^ F e ■ fc(e), F e G II Q (10.2.32) 

(cf. (110.2.41) ) such that 

]T[e,F e ] GpIlQ, (10.2.33) 

eeQ 

and we need exactly one element in each degree where HH^ILq)^ ®k / (degrees 2p £ for Q 
non-Dynkin, non-extended Dynkin), mapping to a nonzero element in the cokernel. 
Let k = F p for some prime p. We may explicitly realize the projection 

HH^Uq <g> F p ) -» HH (U Q ) tor ® F p (10.2.34) 

(the second map of (|10.2.3ip ) as follows. For any element G HH (ILq <S) F p ), we may lift it to a 
derivation of i-W, by picking 0(e) for all e G Q. It follows that 0(r) G ((r)) +ppQ. Let 0(r) G pILq 
be its image. We may consider the class [-#(r)] G HHo(ILQ) t0 r F p . This is well-defined, since 
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[pip ' £( r )) = [Ci r )] = f° r any derivation £ E HH 1 (Pq) (since r is a commutator), and inner 
derivations kill r on the level of IIq . 

It is clear that a splitting exists (by our description of the cokernel, or the Universal Coefficient 
Theorem). Also, for some Q, k, and some choices of degrees m, there is a canonical splitting: this is 
when H H 1 (n<g)[m] ® k = but HH 1 (JXq (g) k)3[m] 7^ 0. In the extended Dynkin cases, this is true 
when Q = E n for all m with HH 1 (J1q <g> k)^[m] 7^ except m = 6,Q = Eq and m = 8, 16, Q = £7. 

We may explicitly describe any splitting in the extended Dynkin cases as follows: 

Proposition 10.2.35. Let k = ¥ p for some stably bad prime p for an extended Dynkin quiver 
Q. Any \a- splitting a : HH 1 ^ <g> k) 3 ^ HH 1 (JIq ® k) 0/ f|10.2.31j) /ias i/ie property that, for all 
6 G HH 1 {Uq (g> k) 3 , t/iere exists z 1 , z 2 G HH (Uq ® k) suc/i f/wrf 21 U a (9) = z 2 U if£u. 

Proof. Given that these elements act nontrivially on the center, the result follows from the fact 
that, for stably bad primes p, exactly one of the generators X,Y,Z of HH°(TLq ® k) has degree 
which is not a multiple of 2p (i.e., has Q-degree which is not a multiple of p). We verify that they 
act nontrivially in Examples 110.2.361 110.2.371 and 110.2.381 (where we also compute cup products of 
HH°(U Q ® k) with HH (U Q k) tor . □ 

We now explain in detail how the elements 9 r ( p ) act on the center HH°(TLq) in the extended 
Dynkin cases. In the process, we also explain the cup product formulas from Theorem 14.2.601 We 
omit some of the verifications (which are straightforward). 

Example 10.2.36. One choice of the derivation 9 r (2) associated with the torsion element A 2 ^ acts on 
HH°(U Q <g> F 2 ) for Q = D n by 9 r(2) (X) = 0, 9 r{2) (Y) = (n - 2)Z, and 9 r(2) (Z) = (n - 1)XY; the 
other choice is this one plus In the E cases there is only one choice, which acts for Q = Eq 

by 9 ri 2){X) = Y,9 r( 2)(Y) = 9 r(2) (Z) = 0; for Q = E 7 and E 8 it acts by 9 r(2) (X) = 9 r(2) {Y) = and 
9 r ( 2 )(Z) = XY . That is, in the D n case, 9 r ( 2 ) can be chosen to act on the center as yHEu; in the 
Eq case, it acts on the center as ^HEu, and in the £7,-^8 cases, 9 r { 2 ) acts as ^-HEu. There is 
no 9 r ( 2 ) in the A n _\ cases. 

Note: The derivation 9 r .( 2 ) can also be simply described (up to inner derivations) on I1q <8> F2, 
but it does NOT act as a multiple of HEu in general: that is, while 9 r ( 2 ) is a fraction of HEu on 
the nose when restricted to the center, in general it is only true that z\ U 9 r ( 2 ) — z 2 U HEu is an 
inner derivation for suitable choices of z\,z 2 . 

We see that cup products with 9 r ( 2 ) also act nontrivially on the center, and it is easy to ob- 
tain all the required derivations this way. In the D n case, the third direct summand is given 
by {X rn U <9 r(2 ) ) A(m+i)<2n-2 > m t ne Eq case, (# r (2) ; for Ej, (9 r ( 2 ), U 9 r ( 2 ),Y U 9 r (%))\ and for Eg, 
(9 r ( 2 ), ^9 r ( 2 ),X U 9 r ( 2 ),X 2 U 9 r ( 2 )). This explains the necessity of the top-degree torsion element 
of degree 28 for Eg: if it were not for this element (i.e., if it were not true that X 2 U r^ 7^ 0), 
then r^ 4 ) and r^ could not be related by the cup product (hence, neither could 9 r ( 2 ) and 9 r (4) , a 
contradiction). 

Example 10.2.37. The derivation 9 r ( 3 ) acts on HH°(Hq (8) F3) for Q of type E as follows: for Eq 
it may be chosen to act as yHEu; in the £7 it acts as j?HEu; and in the Eg case it acts as 
^y-HEu. All of HH 1 (Uq (g> k)3 can be described in the Eq,Ej cases as (# r (3)) and in the Eg case 
as (9 r ( 3 ),Y U r (3)). 

Example 10.2.38. The derivation 9 r(5) acts on HH° (IL Q ®F 5 ) for Q = Eg as ^HEu, and HH 1 ^® 
Fs)3 is one-dimensional. 
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We noticed that the restriction of HH 1 (JXq (g) k) to the center is always injective. In fact, we 
may deduce the following stronger result: 

Theorem 10.2.39. For any extended Dynkin quiver Q and any commutative ring k, the restriction 
HH 1 (YlQ(E>k) — ► HH 1 (HH°(Hq0]s.)) (computed overk) is an isomorphism ifk contains no torsion 
in stably bad primes. In general, HH l (IiQ®k) —> H H 1 (HH° (IIq ®k))>Q, the nonnegatively graded 
part. Furthermore, HH 1 (Uq ® k) is a torsion-free HH°(IIq <g) k) -module. 

Proof. Given the above, it only remains to check that all derivations of HH°(IIq k) come from 
derivations of Hq (g)k. In the case that k contains rpr and |T|-th roots of unity, this follows from the 

isomorphism HH 1 (YlQ<S>k) ^ HH l (k[x, y] x T) A HH l (k[x, y]) r A HH l (k[x, y] T ), where the last 
isomorphism used the fact that vector fields on Spec(k[x, y] r )\{0} are the same as T-invariant vector 
fields on Spec(k[x,y]) (by the etale quotient map), and the same as vector fields on Spec(k[x, y] r ) 
by the analogue of Hartogs' Lemma. Furthermore, since HH°(Uq) is a free Z- module, we have 
HH 1 (HH°(I1q®C)) ^ ^F 1 (^F°(n Q ))0C, so the map HH l {U Q ) ^ H H 1 {H H° {Tl Q )) must be 
a rational isomorphism. Since the map HH 1 (JIq) <g>F p — > HH 1 (HH°(Hq) ®F p ) is injective for all 
p, it follows that the map HH 1 (JIq) H H 1 (H H (IIq)) is an isomorphism. 

To complete the proof, we need only show that the map HH 1 (IIq ®F p ) — > HH l (HH°(I\.Q®¥ p )) 
is surjective for all p. We may do this as follows: given the presentation F P [X, Y, Z]/ ((F(X, Y, Z))) 
of HH°(I1q (g) Wp) (given in Propositions 16.4.21 I7.4.H I8.4.ip . we may consider linear solutions 
(gx,9Y,9z) of the equation 

Q O O 

9X dX F{X ' Y > Z) + 9Y dY F{X > Y > Z) + 9Z dZ F{X > Y > Z) = °' (10-2.40) 
It is enough to find solutions of (110.2.401) over ¥ P [X, Y, Z), since solutions over ¥ P [X, Y, Z]/((F(X, Y, Z))) 
are sums of solutions over F p [X, Y, Z] and solutions over Z[X,Y, Z]/((F(X,Y, Z))); the latter are 
all obtainable from HH 1 (Hq). These linear solutions may be easily seen to come from elements 
described above: we may restrict to the case that p \ \T\, although this is not necessary. Only in the 
stably bad prime cases is it possible to get solutions not arising from HH°(Uq) ® F p -combinations 
of D [X] , D [Y] , and D [Z] , and in these cases one of the terms in (|10.2.40p vanishes and it is easy 
to match possible new solutions with the image of HH 1 (Uq <g> F p ) 3 as computed earlier, provided 
that |<7x| — I^Ij \qy\ > 1^1; and \gz\ > \Z\. If we do not require this, then the map is not quite 
surjective (e.g., the map does not include -^HEu for the unique W € {X,Y,Z} such that p\ ^p- 
in the stably bad prime cases — these derivations have negative degree.) □ 

10.2.5 Summary of HH 1 (JIq ® k) We described HH l (H Q ® k) abstractly in (|10.1.3j) . and 
then explicitly identified the first two direct summands with derivations in (|10.2.20p . (|10.2.22p . and 
()10.2.30p . Then, we described the third direct summand as a quotient in (110.2.31 j) and (|10.2.34p . 
and as a summand in the extended Dynkin case using Proposition 110.2.351 and Examples 110.2.361 
110.2.371 and 110.2.381 

In general, we will use the notation 6 ^ (or 6^ for ap-torsion element [/] G HHq(Hq)) to refer 
to a chosen generator of HH 1 (TIq (8) F p ) mapping to [/] <S> F p under (|10.2.34l) . In the non-Dynkin, 
non-extended Dynkin cases, we can at least choose this element to be the image of an element 
[/] € HH (Uq) where HEu(f) = and / is homo 

gcneous. 

Then, for arbitrary k, we may write a F p -basis of HH 1 (JLq ®k)z <S>F p by elements X9 ^ (in the 
non-Dynkin, non-extended Dynkin case) and by certain elements X^HEu for zi,z% G HH°(JIq) 
(in the extended Dynkin case); here A € k. 
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10.3 The BV algebra structure We describe the BV structure on HH*(Uq (8 k) in terms of 
Corollary 110,1.21 (cf . Section 11.21 for the definition of BV algebra structure) . This includes all of the 
structure of D (the conjugate of the Connes differential by the duality isomorphisms HH' (TIq (8k) = 
HH2-,(JIq <8 k)(— 2)), the associative and graded-commutative U, and the Gerstenhaber bracket 
(in particular including the necklace bracket in degree one, as we will see). 

Theorem 10.3.1. Let Q be a non-Dynkin quiver. The BV structure on iJiJ*(IlQ(8k) is as follows, 
in terms of Corollary \10.1.2\ Proposition 1 1 0. 2~l\ and Section \l 0. 2. 51 " 

1. The differential (obtained from the Connes differential) D : HH'(UQ^)k) — > HH' -1 (ITq (g)k) 
is given as follows: 

(a) The map D : HH 1 ^ ®k)^ HH°(Ii Q ® k) acts as follows: 

D{Eu) = 2, D(HEu) = 1, D(D[HH°(IL Q <8 k)]) = 0, D(HH 1 (Hq <8 k) 3 ) = 0, 

(10.3.2) 

D(zU9) = 6(z) + zD(9),Vz G HH°(U Q k), 9 G HH 1 ^®*). (10.3.3) 

In particular, for k = Z, the kernel is spanned by ( — ^— L ) m >i- 

(b) The map D : HH 2 (I1q <g> k) -» HH 1 {J1q ® k) is the formula (110.2.30 . mapping to the 
second direct summand. Over k = Z, the kernel is given by HHoilig)^ <8 k, and ewer 
Q £/ie map is an isomorphism onto the second direct summand. 

2. The (graded-commutative) cup product is given as follows: 

(a) HH°(Uq (g) k) <8 HH°(n.Q <g> k) -» HH°(Uq (8 k) is jwst multiplication; 

(b) HH°(U Q <8 k) <8 HH^Uq ® k) -» HH^Uq k) is i/te map 2 U 0(/) = z • 0(/),V/ G 
IIq <8> k, and is explicitly given in terms of the decomposition ()10. 1 .3[) using (jl0.2. 12|) 
and Examples \WJLM \l0.2. Sl\ and \lU.2.m 

(c) HH°(U Q (8) k) <8 HH 2 (U Q (8) k) -» HH 2 (U Q ® k), wia tfie identification HH 2 (U Q (8 k) = 
HHq(J1q (8 k)(— 2), is £/ie multiplication inside commutators: z U [/] = [z/]. 

fdj HH 1 (Uq (8 k) (8 HH 1 (I1q (8 k) — > HH 2 (Hq (8 k) is given in terms of the decomposition 
(fT0X3|) fry: 

i. Multiplication of the first direct summand with itself is zero. In the extended Dynkin 
case, multiplication of the first and third direct summands with themselves and each 
other is zero. 

ii. The multiplication HH l (U Q <g> k) <8 idi? (ng) / ree (-2) i7id (ng (8 k)(-2) is 
given by applying the given derivation. 

Proof. (1) The differential D is defined to be the dual of the Connes differential -B using (jlO.l.lip 
(cf. [CBEG07, Gin06]). The results will follow from (jlO.l.lip and the general formula for the 
Connes differential i? : i/i^o — ► HH\, HH\ —* if-f^ on the level of normalized Hochschild chains: 

5(a) = 1(8 a, .B(a(86) = 1 <8a (80- 1(86 <8a. (10.3.4) 
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Consider the following inclusion of complexes (the bottom is the normalized bar complex, and the 
top is (jlO.l.lin ): 

o * n Q <g> (r) ® n Q n Q ® (q) ® n Q » n Q ® n Q (10.3.5) 

n Q ® ((n Q )+ ® (n Q )+) ® n Q — - n Q ® (n Q )+ ® n Q — - u Q ® n Q . 

This is a quasi-isomorphism, and there must exist an inverse <3?, such that $o = Id, which is unique 
up to chain-homotopy. One explicit realization of 3>i is given, for any basis of words a\ ■ ■ ■ a m in Q 
of U Q , by 

m 

$i(a; ® ai • • • a m (8) y) = xai • ■ ■ Oj-i ® o» (2) Oi+i • • • a m . (10.3.6) 

i=i 

It is easy to verify that this defines a chain map and hence part of a quasi-isomorphism. To obtain 
complexes computing the Hochschild homology, we apply the functor ®n e IIq, placing the module 
part (which now becomes IIq) on the left (by convention). We will let denote the induced maps 
on the level of Hochschild chains. 

(lb) Using (|10.3.4p . we may compute 

§i(B(ai • • • a m )) = $i(l ® a\ ■ ■ ■ a m ) = ^ a m • • • aj_i ® a;, (10.3.7) 

i 

which goes via the vertical isomorphism in (|10.1.11|) (after applying 0>u% to the latter) to (|10.2,3p . 
The statement about kernel then follows from Theorem 19.2.21 (i). 

(la) We did not compute $2 explicitly since this is not so clear. However, we know that, 
restricted to (Q) ® (Q), we may express $2 by, for the unique e £ Q such that ee* is not in our 
above basis in degree two, 

$2(0 ® (v ® w) ® b) = 6 Vje 6 Wie *u(e, e*)a ® r ® 6. (10.3.8) 

Then, using the second formula in (|10.3.4[) . we have 

$ 2 (B(^e®e*)) = $ 2 (l®r) = l, (10.3.9) 

eeQ 

so HEu = YleeQ e le l— * e ® e * ma P s to 1. Similarly, En maps to 2. 

Then, (|10.3.3j) follows immediately from the definition of Gerstenhaber bracket (so that {9,z} = 
6(z)) and the BV identity (fl~!E4"]) . Similarly, £>(£>[/]) = follows from the fact that D 2 = 
(again a BV identity). Next, we show that D(HH 1 (JXq ® k)3) = 0, i.e., that Z?(#m) = where 
[/] G HHQ{Iio)tar ® k and 0m is the associated derivation. In the case that Q is n °t extended 
Dynkin, HH°(J1q ® k) = k, concentrated in degree zero, whereas HH 1 (IIq ® k)3 lies in degrees 
> 2, yielding the desired result. Now, assume that Q is extended Dynkin. We may assume 
k = F p for some prime p. Using Proposition 110.2.351 we may write 0m = ^HEu for some 
zi,z 2 G HH°(T[q ® k), which means that 0m is uniquely characterized by Z2 U $[/] = Z\ U HEu. 
We do this computation using (|10.3.3|) : 

D( Zl HEu) = D(z 2 U (—HEu)) = {z 2 , —HEu} + z 2 ■ D(—HEu) 

Z 2 Z 2 Z 2 

= —HEu(z 2 ) + z 2 -D(—HEu), (10.3.10) 

z 2 z 2 
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I I 

but also, D{z\HEu) = HEu(z\) + Z\ : and also, we have HEu(zi) = so we get 

z 2 -D(^HEu) = ( ^~^ +l) Zl , (10.3.11) 
Z2 2 

but we know that \z\\ — \z 2 \ + 2 = |[/]|. But, p | and thus z 2 ■ D(^HEu) = (here we used 
that, since Q is a tree, Eu[g] = 2HEu[g] over Z for all [<?]). Since multiplication by Z2 is injective 
in HH°(ILq tg> k) (or, the latter is an integral domain), we deduce that D(j^HEu) = 0. 

It remains to prove the claim about the kernel of D. Over Z, HH 1 (Uq) is a free Z-module 
which is rationally spanned by Eu and D[HHq(JIq) + ], so the kernel is just the saturation of 
D[HHq(ILq) + ], and this saturation must be ( ^ )m>i,[f]eHH (u Q ) by Theorem l9.2.21 (i) (cf. Propo- 
sition 110.2.291 the same argument holds in the extended Dynkin case) . 

(2) Parts (a) and (b) are immediate. Part (c) follows from the following formula, for z G 
HH°(U Q ® k) and v G HH 2 (U Q ® k): 

z U e®e* -e* ®e) = zv(^ e e* - e* <g> e), (10.3.12) 

eeQ eeQ 

together with the explicit identification of HH 2 (IIq <8>k) given in (llO.l.lip and Proposition I10.2TT1 
We show (2d). First, part (i) is immediate from graded commutativity and associativity, to- 
gether with Proposition [102,35] z 2 w 2 U(^HEu)U('^HEu) = (z\W\) U (HEuU HEu) = 0, where 
Wi, W2, Z\, and z 2 are central. Note that, if we are working over characteristic two, the graded 
commutativity does not immediately yield the desired result, but it must still hold since HEu is 
in the image of HH 1 (J1q) over Z, and there HEu U HEu = 0. Then, we use the injectivity of the 
multiplication of any element of HH° (Uq <g> k) on HH° (Hq <S> k) , and the isomorphism of the latter 
with H Hq(Uq) f ree <8> k as a HH°(Hq (£> k) module (Corollary 1 5 . 5 . 1 ll and the following remarks). 

Next, for #,£ G HH 1 (Uq <8> k), we have, by the definition of cup product and the identification 
HH 2 (U Q <g> k) 9* HH (n Q ® k), 

o u e = S>(e)e(e*) - %*)£( e )]- ( 10 - 3 - 13 ) 

In the case that £ = this yields 

0U £>[/] = [*(/)]> (10.3.14) 

as desired. □ 

We may then write formulas for the Gerstenhaber bracket. All that remains is the bracket with 
HH 2 (n Q ®k): 

Corollary 10.3.15. We have the following formulas for the Gerstenhaber bracket, for homogeneous 
z G HH (IL Q ®]t),6 G iM^rigigik), and [/] G HH 2 (U Q ® k) ; 

{*, [/] w = R [/]} = _ [jD(0) . ;] + D[em (10 .3.i6) 

(Note that the first formula is only nontrivial in the extended Dynkin case.) 
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As a consequence of the theorem, we immediately deduce that the saturation of D[HHq(T1q)] 
(i.e., (D[f n ]/n)) is closed under the Gerstenhaber bracket, which just becomes the necklace bracket 
(by the theorem and (|1.2.4p ). Precisely, we have 

{[/], [g]}neck = D[f] U D[g], D{[f], [g]} ncck = {D[f], D[g]} Gerst , (10.3.17) 

so that the necklace Lie algebra A (g) k is a central extension of the subalgebra D[HH 2 (Hq)] ®kc 

We may deduce the Jacobi identity for the necklace Lie algebra using the BV structure as 
follows. In view of (|10.3.17p . we have 

{[/],{[<?], [h]}neck}neck = D[f] U {D[ 9 ] , D[h] } Gerst , (10.3.18) 

which translates the Jacobi identity for the necklace Lie algebra into the following identity for the 
BV algebra HH 9 (U Q ): 

D[f] U {D[g],D[h}} + D[g] U {D[h],D[f}} + D[h] U {D[f],D[g}} = 0, (10.3.19) 

which follows from HH 3 (U Q ® k) = 0, (fL2l[|) and the fact that D is a second-order differential 
operator: 

D(A U B U C) = (D(A UB)UC - D(A) UBUC + eye) + D(1)A UBUC, (10.3.20) 

where "eye" refers to summing over cyclic permutations of A, B, and C, with the necessary signs 
so as to be compatible with graded commutativity. The identity (jl0.3.20[) is equivalent to (jl.2.4[) 
if one assumes D 2 = (cf. [Kos85l iGSb]), so holds for all BV algebras. So, we deduce (110.3. 19[) . 
using only that D[f], D[g], and D [h] are in the kernel of D and have degree adding to > 3. 

It is also possible to incorporate the other structures we discussed in this paper, such as the p-ih. 
power maps and the Poisson structure on HH°(Uq), into the BV algebra above. The former just 
gives a p-th power structure on HH 2 (Hq F p )(2). The latter may be described in the extended 
Dynkin case in terms of an additional "duality" map a : HH 2 (I1q <g> k) — > HH°(J[q ® k), given by 
killing torsion and stipulating that a[io^] = z, a[i] = di where i$ is an extending vertex and i € I is 
any vertex with d{ equal to the dimension of the corresponding representation of T (cf. Corollary 
15. 5. lip . Then, we obtain that the Poisson structure on HH°(Hq (g) k) comes from the bracket 

{zi, z 2 } HH o := a(D o cT^/) U D o a'^g)), (10.3.21) 

since the map D o a' 1 : HH°(Uq <8> k) — » HH 1 {Hq ® k) is well-defined. 



10.4 Cyclic homology Finally, we compute the cyclic homology of ITq. Let Q be non-Dynkin. 
The Connes exact sequence, using the fact that HH m (UQ) = for m > 3, takes the form (cf. e.g., 
[Lod93] ): 

^ HC m+2 (U Q ) ^ HC m (U Q ) 0, m>2 (10.4.1) 
- HC 3 (Uq ) ^ HCx (Uq ) ^ HH 2 (U Q )^HC 2 (U Q ) 

-^ffc (n Q )^ J H-iJi(n Q )i J ffc 1 (n Q )^o J (10.4.2) 
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-> HH (U Q ) A ffC (n Q ) -> 0. (10.4.3) 
Here, the maps 1? and I factorize the Connes differential B: 

B 

HH. ^ZhC.—^ HH. +x (10.4.4) 
Thus, using the correspondence of B with D via duality, we may compute HC 9 using Theorem 

First, tensoring over Q, we know the maps B : HHq(Hq) A HCq(J1q) — > HHi(Uq) and 
5 : HH\(Hq) — > i?Ci(IlQ) — > ifC^ng) become injective (from the previous section), so we 
deduce that HC m (TlQ) is torsion for m > 2 — a fact which was also proved in [EG06] using the fact 
that B forms an exact sequence over Q with HC,(Uq ® Q) forming the kernels=images. 

Working over Z, the image of B : HHq(JIq) — ► HH\(J1q) is taken via duality to (-D[/])[/]g#i? (nQ)- 
Thus, the right end of (|10.4.2[) yields an isomorphism 

hh x (jiq)/ d[h h 2 (Uq)] - (^°(n Q )) e PLH/m) /<£>[/]) ^> hc x (ji q ®k)(-2), (10.4.5) 

where the first term (HH°(Uq)) is an abstract copy of HH°(Hq), which is a free Z- module, and 
has a rational basis by HH°(Uq) • HEu. Also, the above map is obtained from / : HHi(TIq) —» 
HCi(Uq) by precomposing with the duality isomorphism HH 1 (JIq){2) HH\(JIq) and shifting 
by -2. Using Theorem fl0.3.1l (la) (the kernel of D on H^iUQ^k) is (D [/"] /ra) ) , the factorization 
(|10.4.4j) and the leftmost part of (|10.4.2j) then yield 

HC 3 (U Q ) - (D[f m ]/m)/(D{f}). (10.4.6) 

Next, we compute HC 2 (ILq). The image of the map HH^Uq) ^ HH 2 (U Q ) ^ HH°(U Q ) is 
(0(z) + D(0) ■ z,0(z)) zeHHO(JlQ)teeHH i {nQ y The kernel of the map HH (U Q ) ^> HC (U Q ) -» 
HHi(U Q ) A Fif 1 ^) is iJFo(n Q )tor- Thus, taking cokernel of the second map of (110.4.21) and 
kernel of the fifth map gives an exact sequence 

HH°iU Q )/(0(z) + D{0) ■ z) zeHH0{UQ)>eeHH i {nQ) - HC 2 (U Q )(-2) -» HH (U Q ) tor (-2). (10.4.7) 

For degree reasons, we see that the above sequence must split. 

Taking the above description and computing the abstract graded Z-module structure, we obtain 
the following result: 

Theorem 10.4.8. (i) If Q is non-Dynkin, non- extended Dynkin, then we have 

HC (Il Q ) * HH (U Q ), 
HC\(J1q) = Z(2) © HC 3 (IIq), 
HC 2n+2 {U Q ) HH {U Q ) tor yn > 0, 

HC 2n+3 (U Q ) * 0(Z/(ro/d))®«[m],Vn > 0, 

m>0 d\m 

where qd is given by 

Id = ^M~)rk(iT#o(n Q ) /r eebU (10.4.13) 
i\d 3 



(10.4.9) 
(10.4.10) 
(10.4.11) 

(10.4.12) 



95 



(ii) If Q is extended Dynkin and k = Zf-rL], then we have 

HC (U Q ) * HH (U Q ), (10.4.14) 
FCi(n Q ) ®k^k® HH°(U Q )(2) © (HC 3 (U Q ) ® k), (10.4.15) 

HC 2n+2 (IL Q ) 91 HH (IL Q ) tor © ( (k/Wd))*[m]j (10.4.16) 

ra>0 M|m,l<d<m,ged(m/cZ,[r|)=l 

©(Z/m) ffirm [m],Vn > 0, (10.4.17) 
FC 2 „ +3 (n o )^0 (k/(m/d))®^[m],Vn>0, (10.4.18) 

m>0 d|m,l<d<m,gcd(m/d,|r|)=l 

where and r m are given by 

Qd = J2 K->HHH (U Q ) free [j}), (10.4.19) 
i[d, g cd(d/i,[r[)=i J 

r m = rk(/m Q (n Q ) /ree [gcd(|r|,m)])-rK^^ 

(10.4.20) 

Proof, (i) The first equation is obvious. We need to compute the abstract Z-module structure of 
(D[f n ]/n) I (D[f\). We do this using Theorem 19 . 2 . 2i (ii) : since the p-th power maps are injective on 
HHq(IIq) f ree (g) F p , we can form a basis of (HHq(JIq) f ree ) + ® ¥ p such that, if [/] is in the basis, 
so is [/] p . Then, we can lift this basis arbitrarily to (H Hq(Uq) / ree )+ <8> ^( p )- This allows us to 
compute {D[f p ]/p)/{D[f]), and hence the odd cyclic homology, and we obtain the above, except 
localized at p. Since this works for all p, this proves the second equation. The third equation 
follows immediately from the sequence (|10.4.7j) . since the first term is zero in the non-Dynkin, 
non-extended Dynkin case. 

(ii) This is similar to part (i) . The only new difficulty is in computing the first term of (|10.4.7|) . 
This may be done as follows. First, localizing at a prime p > 2 such that p \ \T\, in view of the 
fact that (Eu(z) + 2z) z eHH°(n Q ) spans all of HH°(Uq) in degrees not congruent to —2 modulo p, 
it suffices to consider such degrees. Now, we apply Proposition I1Q.2.19L (i) . For any homogeneous 
basis element [/] G HHq(JXq) j ree , the greatest common positive integer divisor of D[f] G HH 1 (Hq) 
and \ f\ must equal the greatest common positive integer divisor of 0[/] £ HH°(TLq) ■ Eu and |/|, 
if either of these quantities is less than |/|. Let us now pick a Z( p )-basis of H Hq(Uq) f ree <g> Zq,) as 
in part (i), so that, in each degree m with p \ m, the basis consists of elements [f m / p j tS ] pJ where 
[fm/pi,s] p is a basis element in degree m/p 3 ' for all k < j, and s is an index. Let us fix this degree 
m and the above fj jS . Then, the greatest power of p that divides D[f^, j J in HH 1 (JIq) ® Z^-j is 



of 



pi , so the same must be true of ©[/^y J in the case that pi +1 | m. Thus, we may form a Z( p )-basis 



@[HH (Uq) free [m] ® Z(p)] + (Eu + 2)(HH°{U Q )[m -2}® Z (p) ) (10.4.21) 
= {HH°(U Q ),HH°(U Q )}[m - 2] + m(HH°(U Q )[m -2}® Z (p) ) (10.4.22) 

from the elements 0[/JJ such that pi +l \ m, and some number of elements of m ■ HH°(I1q (g> 
Z( p ))[m — 2]. This gives us the desired formula localized at p. □ 
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We may refine the above to yield a complete abstract description of HC 9 (Uq) over Z (it remains 
to consider torsion not coprime to T) using Proposition 110.2. 191 (ii). which we omit. The above then 
extends easily to a description of HC, tensored over any commutative ring R, simply by using the 
universal coefficient theorem for homology (note that HC 9 (Uq) is can be computed by a chain 
complex of free Z-modules, and HC,(Hq (g) R) can be computed by tensoring this complex by R). 

Also note that, in part (ii) above, we computed a quotient of the zeroth Poisson homology 

HP (HH°(U Q ® k)) (for k = Z[4, eW]): the quotient by (Eu + 2)HH°(U Q <g> k). Using this it is 
not hard to deduce the good-prime analogue of Proposition 18.4.81 

Corollary 10.4.23. For Q extended Dynkin and k = ¥ p , an algebraic closure of¥ p , where p\ \T\, 
we have 

HP (HH°(Il Q <g> F p )) - (f p ) feHH o (UQ&p) (2 P - 2) HP^ (10.4.24) 

where HPq is finite- dimensional (of dimension \I\ — 1 where I is the number of vertices), and has 
Hilbert series equal to that of HH°(IIq Q). 

As pointed out by P. Etingof, the above should also be provable using the method of [GK04J . 
A consequence of the above corollary is that, in high enough degrees, the relations W <£) k C 

V (g> k can actually be obtained by taking commutators of elements of HH° (ITq ® k) (rather than 
merely by commutators of IIq ). More precisely, the only relations we miss by restricting to such 
commutators are those that project nontrivially to r' (g) HPq(TIq (8>F p )q, which has the same Hilbert 
polynomial as HP (U Q ig> Q)(2). 

A Grobner Bases and the Diamond Lemma 

In this section, we briefly recall properties of Grobner bases, and the more general Diamond Lemma, 
as tools in verifying that a given set is a basis for a vector space (usually, a quotient of a free 
noncommutative algebra on finitely many generators by a finitely-generated ideal). 

Although these are standard, the results are stated in greater generality than usual (for modules 
over a PID instead of ideals in a free noncommutative algebra over a field) . 

A. 0.1 Grobner Bases First, suppose that F = k(x±, . . . ,x n ) is the free noncommutative alge- 
bra over the field k generated by indeterminates x%, ... ,x n . Consider the graded lexicographical 
ordering, which means that M\ -< M<% if either \M\\ < \M%\ (where \M\ denotes the length of a 
monomial M), or \M\\ = | A^2 1 an d M\ <C M<i with respect to the lexicographical ordering <C on 
xi,...,x n where x\ < X2 < ■ ■ ■ < x n . [We can generalize this to replace lexicographical ordering 
by any total ordering on monomials of a given degree, and generalize the degree | | to a weighted 
degree where each Xi is assigned a positive integer, not necessarily 1.] 

Given a set of elements P, € F, a polynomial P is said to be "reducible" if the leading monomial 
(with respect to <) LM(P) of P contains as a subword the leading monomial of one of the Pi's. 
Otherwise, P is said to be "irreducible" with respect to the Pj's. If P is reducible, then a "reduction" 
of P is an element of the form P — XXPiY where X and Y are monomials, XXMiY is the leading 
monomial of P, and M% is the leading monomial of Pj. 

An ideal basis (Pj) for an ideal I = ((Pi)) (ideal basis meaning that multiplication on the right 
or left by F, not just k, is allowed) is said to be a Grobner basis if any polynomial has a unique 
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reduction to an irreducible element modulo Pi. In other words, the irreducible monomials form a 
vector space basis of the quotient F/I. 

The following criterion is well-known (and is the basis for the Buchberger algorithm for com- 
puting Grobner bases): 

Proposition A. 0.25. A set (Pi) forms a Grobner basis for I = ((Pi)) iff', for any two elements 
Pi,Pj with leading terms LM(P,j) = AjMj, LM(Pj) = XjMj and any monomial M with M = 
MiX = YMj for some monomials X and Y, one can reduce the element XjPiX — XiYPj to zero 
(using only the (Pi)), meaning that there is a sequence of reductions taking the element to zero. 

Proof. This follows from the Diamond Lemma in the next subsection. □ 

Note that the above result can be extended to the case of a PID, as in the next subsection. 

A. 0.2 The Diamond Lemma We first state the Diamond Lemma for free modules over a PID, 
and then specialize to the free algebra case. 

Let R be a principal ideal domain (PID). Given any free module V over R with a fixed basis 
(vi)i<=i labeled by a partially ordered set (poset) (I, -<) which satisfies the descending chain condition 
(dec) (meaning every descending sequence in / terminates at a finite point), and any submodule 
W C V, the Diamond Lemma gives a criterion for a set (iWi)igj C W (for some index set J) to 
be a "confluent set" (this is a generalization of being a Grobner basis, and essentially means that 
applying relations in any order yields the same result). In this case, any element of V has a unique 
reduction to an i?-linear combination of the irreducible monomials (fi)j<=/'c/ f° r a certain subset 
I' C /. In other words, (vi)i & r forms an i?-linear basis of V/W. 

Let i ■< j mean i = j or i -< j. An element Wj G V defines a "reduction" if, writing Wj = 
XjiVi (all but finitely many Xji are nonzero for each j), there exists a unique ip(j) G I such 
that Xj^u\ ^ and Xji / implies i -< tp(j). Then, the "reduction" associated to Wj sends 

For any i G I, let Wj = {wj | j G J, ip(j) = i}, the set of Wj which reduce a multiple of Vj. Also, 
let Xi = Span(Lyj) n Span(t^ | £ -< i), which is the submodule consisting of those elements in the 
span of (Wi) which have zero coefficient of Vi (and hence are a linear combination of monomials V£ 
for i-<i). 

Definition A. 0.26. Suppose that the Wj,j G J all define reductions, span W, and satisfy the 
condition that, for all i G /, Xi C Span(Ly^)^^j. Then, the (wj) is said to be a confluent set of 
W. 

Definition A. 0.27. Let gcd w (i) be the gcd of all A G R such that there is an element w G W of 
the form w = Xvi + ^j v j- To be precise, gcd w (i) is an ideal of R, but we will also use it to 
refer to any generator of the ideal. 

The following version of the Diamond Lemma is straightforward to prove, so the proofs is 
omitted. 

Proposition A. 0.28. (The Diamond Lemma I) For any confluent set (wj), and any choices of 
representatives Ri C R of Rj gcd w (i) (i.e. Ri maps bijectively to Rj gcd w (i)) such that G Ri for 
all (but finitely many) i, every element of V/W has a unique expression as a linear combination 
^2i^iVi where m G Ri. 
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Proposition A. 0.29. (The Diamond Lemma II) For any confluent set (uij), an R-linear basis 
of W may be obtained by choosing, for each i G I such that gcd w (i) ^ (0), an arbitrary element 
w[ G Span Wi such that w[ = gcd w (i)vi + Y^e^i lHl v t- The resulting w[ form a basis of W . 

Proposition A. 0.30. (The Diamond Lemma III) Again suppose W is confluent. Let -f gc d^i C / 
be the subset such that i G I gc d^i iff gcdj^(i) ^ (1). Let / gc d^i,o be the subset such that i G I gc d^i,o 
iff Epd\y(i) & {0) !}• Then V/W may be presented as (^ie/gd^i ieJgcd^i.a where each w" G W 
is an arbitrary element such that w'( = gcd w (i)vi + Y^i-niei d 1 \ l il v t (f or example, pick the Wi 's 
as in Proposition \A.03H% and write them modulo Span(W^)^j as in Proposition \A.0^2^) . 

Note that we did not actually describe the abstract module structure of V/W above: for 
example, one could have V = (vi,V2) and W = {3vi — t>2,3t>2), where Proposition IA.0.281 savs 
that the quotient is set-theoretically the same as sums AiUi + X2V2 for Aj G {0, 1, 2}. The abstract 
Z-module structure, however, is Z/9. 

Also, note that W above is the analogue of multiples of a Grobner basis by monomials on either 
side: so W itself will not form any type of basis. 

Remark A. 0.31. In the case that R = k is a field, then the Diamond Lemma says that a basis of 
W/V is given by {vi)i^r where I' = I gc d^i is the set of indices such that u$ does not appear as the 
leading term of any of the relations (wj) in the confluent set. 

Remark A. 0.32. If we like, we could have taken -< to be a well-ordering (e.g. a labeling by Z>o if 
the module is countably generated) with no loss of generality. This is because we could convert any 
partial ordering satisfying the dec into an arbitrary well ordering that preserves all relations x -< y 
from the partial order (i.e. such that there is a map of posets from the original set to the totally 
ordered one). (Note that this requires the Axiom of Choice in general, and it works because dec is 
equivalent to saying that any subset has a minimal element.) This would yield exactly the same 
results and proof. We state it in the poset generality because it is sometimes more convenient to 
work with only partially-ordered sets. 

Now, let us specialize to the free algebra case. Let A = R{x\, . . . , x m ) be a free noncommutative 
algebra generated by indeterminates Xj. Let -< be a partial order on the monomials in the x^s 
satisfying the dec, such that f < g implies h\fhi -< h\ghi for any monomials h\, hi (this is most 
easily satisfied by introducing a grading, as in the case of Grobner bases, so that f < g whenever 
\f \ < \g\). Suppose B C A is an ideal. Then we can define a set (pi) to be a confluent ideal basis of 
B if the elements (fbig), for f,g ranging over all monomials in the Xj, form a confluent set for B 
as an i?-module (with basis the monomials and partial order -<). To understand what this means, 
call the "leading monomial" LM(A) of an element of A the highest monomial which appears with 
nonzero coefficient with respect to -<, if such a monomial exists and exceeds all other monomials 
which have nonzero coefficient. In order to be confluent, we first require that each hi have a leading 
monomial. We then call elements of the form fbig "reductions", and interpret them as reducing 
the highest monomial modulo B to lower ones. Then, the confluence condition says: if h G A is the 
leading monomial of multiple reductions, then any linear combination of such reductions which has 
a lower leading monomial than h is itself a linear combination of reductions with leading monomial 
less than h. 

Then, in this case, one concludes all of the Diamond Lemma versions. In the case R = k is a 
field, for example, one finds that A/B has a basis, as a vector space, given by those monomials in 
"normal form" , which means that they do not contain the leading monomial of any of the bi 's as a 
subset (as a word). 
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Letting -< be the graded lexicographical ordering (or a variant as discussed in Section IA.0.1|) 
(with R = k), we find that a confluent basis is nothing but a Grobner basis for B, and recover 
Proposition IA, 0^251 In fact, we recover a version of Grobner bases over PIDs. 

B Loday Poisson, co, and bialgebras 

In this section we introduce (Poisson) Loday bialgebras and coalgebras. Recall [Lod93] that a left 
Loday algebra (called "Leibniz algebra" by Loday and some others) is a vector space A with a 
bilinear bracket { , } : A <g> A — ► A satisfying the equation 

{a, {b, c}} - {b, {a, c}} = {{a, b}, c}. (B.0.33) 

Example B.0.34. An example one keeps in mind to keep track of the left and rights above is where 
A = Aq © A\ and the bracket is a map Aq (g) A% — > Ax, Aq <g) Aq — > Aq. Then, the left Loday 
conditions make sense, and give A the structure of a Loday algebra if we set {A\, A} = 0. 

Example B.0.35. In our situation, we take the above with Aq := L = P/[P,P] and A\ := P. 
We define the bracket { , }locI '■ L <g> P — > P by (|5.2.3p . The point is that we can choose to view 
the bracket as one-sided and non-skew (as in [VdB04j) rather than as a Lie bracket by skew- 
symmetrizing (as we did in Section [5]). The difference between { , } and { , }Lod, then is that we set 
{ , }Lod\ P ® L = 0, whereas { , }| P0L := -{ , }\ mP °T {12) . 

Our Loday bracket additionally satisfies a Poisson condition, as described: 

Definition B.0.36. If A is an associative algebra equipped with a left Loday bracket { , }, then 
we say that A is a (left) Poisson Loday algebra if 

{a,bc} = {a,b}c + b{a,c}. (B.0.37) 

One may similarly define right Poisson Loday by reading everything right-to-left. (That is, a right 
Poisson Loday algebra is the same as taking opposite multiplication and opposite bracket on a left 
Poisson Loday algebra). 

Now we define co-Loday algebras by dualizing the Loday condition: 

Definition B.0.38. If A is a vector space, we say that A is a left Loday coalgebra if it is equipped 
with a linear map 5 : A — > A (g) A satisfying 

(1-(712)(<5®1)<5 = (1®5)5. (B.0.39) 

A right Loday coalgebra is the same as taking opposite cobracket on a left Loday coalgebra: 

(1 - a 23 ){l ® 5)5 = (6 ® 1)6. (B.0.40) 

The following is straightforward: 

Proposition B.0.41. A (left or right) Loday coalgebra which is skew-cocommutative (5 = —crri2)5) 
is the same as a co-Lie algebra. 

Example B.0.42. The bracket 5g : P — > L © P (|5.2|) is a left Loday cobracket on P. 
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Now, we will define the notion of a Loday bialgebra. Recall that a Lie bialgebra is the structure 
of a Lie algebra and Lie coalgebra which satisfy the one-cocycle condition 5({a, b}) = {a (g> 1 + 1 (g> 
a, 5(b)} + {S(a), b (g> 1 + 1 (g> 6}. We define a Loday bialgebra so that it is a "Lie bialgebra minus 
skew-symmetry". That is, 

Definition B.0.43. A left, left Loday bialgebra is a vector space A equipped with a left Loday 
bracket { , } and a left Loday cobracket 5 satisfying 

5({ a , &}) = { fl ®l + l®a, 5(b)} + {5(a), 1 ® 6}. (B.0.44) 

Similarly, a "x, y" Loday bialgebra is a x Loday bracket and a y Loday cobracket together with 
the version of (|B.0,44|) obtained by taking opposite of the structure(s) which become right. For 
instance, a right, right Loday bialgebra satisfies 

6({a, b}) = {a ® 1, 5(b)} + {5(a), b ® 1 + 1 ® 6}. (B.0.45) 

Example B.0.46. The space (P, { , }Lod> ^) is a left, left Poisson Loday bialgebra. 

We can also consider the "involutivity" condition { , } o 5 = for any Loday bialgebra, which 
is a "noncommutative" version of the condition for Lie algebras (which itself can be viewed as the 
infinitesimal S 2 = Id condition). 

Finally, we may define the notion of a "BV" Loday bialgebra: 

Definition B.0.47. If L is an algebra and an involutive left, left Loday bialgebra, then a map §, ]}: 
L ® L — > L ® L gives L a noncommutative BV structure if 

5(ab) = (1 <g> a)£(6) + «5(a)(l ® b) + fa, 6}}. (B.0.48) 

Example B.0.49. The space (P, { , }z 0( j, (pr®l)-^, J) is a noncommutative BV, Poisson left, left 
Loday bialgebra, satisfying { , }^ rf o 5 = 0. 
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